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Chapter 1

Introduction

The purpose of this thesis is the study of several related growth models on
non homogeneous state spaces. The growth models in question are Internal
Diffusion Limited Aggregation (IDLA), Rotor-Router Aggregation and also
the so-called Divisible Sandpile Model. All three models share many prop-
erties even though IDLA is a probabilistic growth model based on random
walks, while the other two are strictly deterministic. In fact the divisible
sandpile model has been introduced by LEVINE AND PERES [LP09] as a tool
to prove shape theorems for IDLA and the Rotor Router model.

In both internal diffusion limited aggregation, which is a special case of a pro-
cess which DIACONIS AND FULTON introduced in [DF91], and Rotor Router
aggregation particles move on the vertices of a graph, until they reach a site
which is unoccupied. There the particle stops and from now on occupies this
site, and a new particle starts its journey at the origin. The main point of
research in this area is how the set of occupied sites behaves — for example, if
it has a limiting shape, if properly rescaled. The difference between the two
growth models lies in the rule which governs the movement of the particles.
In IDLA each particle performs a random walk, where the law of each parti-
cle is the same and all random walks are independent of each other. In the
rotor-router model, on the other hand, the particles perform deterministic
walks, where each particle follows an arrow (or rotor, hence the name of the
model) which points to one of the neighbours of the current site. But before
the particle moves, the arrow is changed to point to the next of the neigh-
bours, in a previously chosen order. When a particle stops and the next one
starts at the origin, it is crucial that the arrows are not reset, but remain in
the same state. Hence, in contrast to IDLA, in the rotor-router model the
particles are in fact dependent on all the previous particles.

The third growth model, the divisible sandpile, differs in that here not indi-
vidual particles are moving around, but a distribution of mass, where each
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vertex can have an arbitrary amount of mass, which changes in time. At each
timestep one vertex distributes mass to all its neighbours and keeps only a
fixed amount of mass for itself. Since the mass is continuous, the process
never terminates and one needs to consider the limit of the process. One is
mainly interested in the set of vertices where the limit mass distribution is
nonzero.

It turns out that, although all three models look quite different, their be-
haviour is very similar. This was first noticed by LEVINE AND PERES [LP09)
LP10] for the case when the state space is an Euclidean lattice. Computer
simulations suggest that the connection between the three growth models
holds in wide generality, but only partial results are available for other state
spaces.

What makes it possible to prove theoretic results, is the so called Abelian
property, which all three growth models possess. In the case of IDLA and
the rotor-router model this means that, if we let several particles run at the
same time, instead of one after another, it is irrelevant for the end result
in which order the particles make their moves. In the case of the divisible
sandpile model, the Abelian property says that the order in which vertices
distribute their excess mass does not affect the limiting distribution. Because
of this property our growth models also have a close connection with the so
called Abelian sandpile model and the Abelian sandpile group — see [HLMT 08|
or [MRZ01] for an introduction. But we will not explore this connection in
detail.

1.1 Overview

Chapter [2] starts with an introduction to Markov chains, especially random
walks on graphs, which allows us to fix the notation we will use in the rest
of this thesis. Next, we will give the definitions of the three growth models
under consideration, and finally the chapter concludes with a brief overview
on the available literature in this area.

In Chapter [B|we will prove the Abelian property and the existence of a limiting
mass distribution for the divisible sandpile, which is associated to a reversible
random walk on an arbitrary graph. Morevover, we give a description of its
limiting shape in terms of a discrete obstacle problem. This an extension of
a result of LEVINE AND PERES [LP09]. We will then apply this result to
the divisible sandpile on the comb, that is, the spanning tree of Z? which is
constructed by deleting all horizontal edges except the ones on the z-axis.
In Section [3.5] we obtain an explicit description of the limiting shape of the
divisible sandpile in that case.



1.1. OVERVIEW 3

In Chapter [4] we will derive a shape theorem for the rotor-router model on
the comb, using the results of Chapter 3, and applying an idea of HOLROYD
AND Propp [HP10]. They define a weight function on the space of all con-
figurations of the rotor-router model, which is invariant under the movement
of particles. Using this method, we are only able to give a relatively weak
inner bound for the rotor-router model, which holds for all possible initial
states of the rotors, and all rotor sequences. On the other hand, if we fix a
special initial rotor configuration we can give the exact shape of the rotor-
router cluster, using an idea of KAGER AND LEVINE [KL]. Section gives
a general inner bound for the rotor-router cluster, in terms of the divisible
sandpile cluster of the same graph. This result holds for all regular graphs,
but provides only a relativly weak inner bound.

In Chapter [5| we give an application of the rotor-router model for calculating
the harmonic measure of finite subsets of the comb. This again makes use of
the rotor weights we introduced in Chapter[d In particulary we will calculate
the harmonic measure of the rotor-router cluster as it will be useful in the
study of IDLA on the comb. Since we will make use of singularity analysis
for linear differential equations, we give a short overview of this theory in

Section (.11

Chapter [6] is devoted to Internal Diffusion Limited aggregation on the comb.
We will prove a shape theorem using the results of Chapter [3| for the inner
bound. The proof is based on ideas of LAWLER, BRAMSON AND GRIFFEATH
[LBG92] and LEVINE AND PERES [LP09].

In Chapter [7] we examine again IDLA, this time on non-amenable graphs,
that is, graphs where the random walk which governs the particles has a
spectral radius which is strictly smaller than one. We will give a shape
theorem based on level sets of the Green function of the random walks. This
is an extension of a shape theorem of BLACHERE AND BROFFERIO [BBOT]
for IDLA on finitely generated groups with exponential growth. The results
of this chapter have been previously published in [Hus08].

Finally, in Chapter [§] we give an outlook to future work and some open
problems, and conclude with some simulation results for IDLA and rotor-
router aggregation on the graphical Sierpinski carpet, where no theoretical
results are yet available.

Chapters [4 [f] and [6] are based in part on joint work with Ecaterina Sava.






Chapter 2

Preliminaries

In this chapter we first introduce random walks on graphs and some basic
facts and tools related to random walks theory, which will be needed later
on. Then we will give precise definitions of the three growth models, and give
a short overview of the available literature in this area. We conclude each
section with the main theorems, which will be proved in the later chapters.

2.1 Random Walks

Let G = (V, E) be an infinite, locally finite, connected graph with vertex set
V and edge set . When there is no ambiguity, we write only z € G to
denote that « is in the vertex set of G. For z,y € G we denote by x ~¢g y the
neighbourhood relation of G. When no confusion arises, the subscript will
be dropped and only the notation ~ will be used.

All our graphs will have a special root vertex denoted by o € G. For z,y € G,
let d(z,y) be the graph metric, that is, the length of the shortest path from z
to y. Also, write d(z) for the degree of x in G, i.e., the number of neighbours
of z.

An automorphism of G is a self-isometry of G with respect to the graph metric
d, that is, a function ¢ : V — V which satisfies d(z,y) = d(¢(z), ¢(y)), for
all z,y € V.

We will need some fundamental notions from basic random walk theory. The
presentation will mostly follow the notation from [Woe00].

Let P = {p(z, y)}wy c; be the transition probabilities of a random walk on
G, which are adapted to the graph structure, i.e., p(z,y) > 0 if and only if x
is a neighbour of y. For t € N we will denote by p!(z,y) the t step transition
probability, that is, the probability that the random walker goes from z to

5
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y in exactly t steps. A random walk is called irreducible, if for all vertices
x,y € G, there exists a t such that pf(z,y) > 0. We say a random walk is
reversible, if there exists a measure m : G — R, such that

m(x)p(x,y) = m(y)p(y,z) forall z,y € G.

A measure m with this property is called the reversible measure of the random
walk P. Note that if P is the simple random walk on G, that is

1
p(z,y) = @) forall z ~ y
0, otherwise,

then m(z) = d(z). All random walks under consideration will be irreducible
and also reversible.

We will write X; for the position of the random walker at time ¢. Probabilities
will be denoted by P. If we write P, for some xz € G, this will mean the
probability of a random walk, which starts at vertex x. For random walks,
which start at the root vertex o, we will often omit the subscript. Similarly
E and E, will denote expectations using the same convention.

Definition 2.1.1 (Green function).

e Fory,z € G the Green function is defined as

G(y,z) =E, [Z 1{Xt:z}]-
t=0
G(y,z) is the expected number of visits to z of the random walk X
started at y.

e For a subset A C G, write G 4 for the Green function of the random
walk stopped upon leaving the set A

T—1
Galy,z) =Ey [Z 1{Xt:z}}7
t=0
with 7 =min{t > 0: X; ¢ A}.

For a function f : G — R, its Laplace operator Af is defined as

Af(x) = pl@y)fly) — f2).

y~z

Definition 2.1.2. A function f : G — R is called superharmonic on a set
B C G, if Af(z) <0 for all z € B and harmonic, if Af(z) = 0.

Lemma 2.1.3 (Minimum principle). If f is a superharmonic function on G
and there exists x € G such that f(x) = ming f, then f is constant.
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2.2 Internal Aggregation Models

2.2.1 The Divisible Sandpile Model

The divisible sandpile model has been introduced by LEVINE AND PERES
[LPO9] as a tool for studying internal growth models on Z?. It is a continu-
ous analogue of the abelian sandpile model introduced by BAK, TANG AND
WIESENFELD [BTWS8S].

Let G be a graph, and pg a mass distribution on G, i.e., a function pg : G —
R with finite support, that is

supp po = {z € G : po(x) > 0}] < oo.

The divisible sandpile is a sequence {1 }r>0 of such mass distributions, which
are created according to the following rule. At each time step k, choose a
vertex x. If pp(z) > 1 the sand at x is unstable and topples, which means that
the vertex x keeps a mass of 1 for itself and the remaining mass pp(z) — 1
is distributed among the neighbours of x according to a given transition
operator p(x,y). If every vertex topples infinitely often, the mass distribution
converges to a limit

lim pp =p <1.

k—o00
The existence of this limit will be shown in Lemma [.3.2] and in Lemma
for arbitrary locally finite graphs G, which may also have loops, and
reversible transition operators.

Write S for the set of fully occupied sites of the divisible sandpile with start
distribution pg, that is

S={zxeG: pulx) =1} (2.1)

We will show in Lemma that S does not depend on the order of the
topplings as long as every vertex topples infinitely often. The set .S is called
the divisible sandpile cluster for initial distribution pg. Lemma also
gives a method for describing the set .S in terms of a discrete obstacle problem.
We will use it to prove a shape theorem for the divisible sandpile on the comb.

The comb, which we will denote by Cs, is the spanning tree of the two di-
mensional lattice Z2, which is obtained by removing all horizontal edges of
72 except the ones on the z-axis.

Definition 2.2.1. The comb Cy is the graph with vertex set 7> and neigh-
bourhood relation given by

Ty =22 Ay —yo| =1,

(z1,91) ~ (22,92) =
‘:L’l—a,’z’ =1NAy1 =0Ays=0.
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z=(z,y)

Figure 2.1: The two dimensional comb Cs.

In other words, the graph C; can be constructed from a two-sided inifinite
path Z (the ”backbone” of the comb), by attaching copies of Z (the "teeth”) at
every vertex of the backbone). We use the standard embedding of the comb
into the two dimensional Euclidean lattice Z?, and use Cartesian coordinates
z = (z,y) € Cq to denote vertices of Cy. The vertex o = (0,0) will be the root
vertex, see Figure 2.1} For functions g on the vertex set of Co we will often
for convenience write g(z,y) instead of g(z), when z = (z,y).

Random walks on Cy have been studied by various authors, the first being
HavLIN AND WEISS [WH86] and GERL [Ger86]. While Cy is a very simple
graph, it has some remarkable properties. For example, on the comb the so-
called Finstein relation between the spectral-, walk- and fractal-dimension is
violated, see BERTACCHI [Ber(6]. PERES AND KRISHNAPUR [KP04] showed
that on Cs two independent simple random walks meet only finitely often; this
is called the finite collision property. Further references include BERTACCHI
AND ZuccaA [BZ03] and CsAki, CsOrRGO, FOLDES AND REVESzZ [CCFRO9).

Let now G = Cy, and p(-,-) be the transition probabilities of the simple
random walk on Cy. As initial mass distribution we choose pg = n - dy, i.e.
we start with mass n concentrated at the origin and no mass anywhere else.
Denote by 5, the divisible sandpile cluster for this initial distribution. Using
this setting we will prove the following shape theorem.

Theorem 2.2.2. Let S, be the set of fully occupied sites for the divisible
sandpile model on Cy, with py = n - 6,, where o = (0,0) is the origin of the
comb. Then there exists a constant ¢ > 0, such that, for all n > ng,

anc - Sn - Bn+(:a
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where

B el (WINYE s
Bn— (.’L',y)ECQ?‘i‘ T <n s

and the constants k and | are given by k = (%)2/3 and l = % (%)1/3.

2.2.2 Rotor-Router Aggregation

Rotor-router walks are deterministic analogues to random walks, which have
been introduced into the physics literature under the name Fulerian walks
by PriezzHEV, D.DHAR ET AL [PDDK96] as a model of self organized crit-
icality, a concept introduced by BAK, TANG AND WIESENFELD [BTWSS].

In a rotor-router walk on a graph G, for each vertex x € G a cyclic ordering
c(z) of its neigbours is chosen, i.c., ¢(z) = (@0, ..., Tgm)—1), where z; ~ x
and z; # xj. At each vertex we have an arrow (rotor) pointing to one of the
neighbors of the vertex. When a particle is at a vertex = two things happen.
First the rotor is rotated to the next neighbour, defined by the ordering c¢(z),
and then the particle moves to that neighbour.

The behaviour of rotor-router walks is in some respects remarkably close to
that of random walks. COOPER AND SPENCER [CS06] showed that rotor-
router walks simulate random walks on Z¢ with constant error, in the sense
that they put a number of rotor-router particles at (apart from a technicality)
arbitrary vertices and let the system evolve for a certain number of rounds.
Each round every particle makes one step in a rotor-router walk (in arbitrary
order), all sharing the same rotor configuration, and thus influencing the
movement of each other. Cooper and Spencer showed that the difference
between the number of rotor-router particles which are at vertex v after ¢
rounds and the expected number of random walk particles which started in
the same configuration after ¢ random walk steps is bounded by a constant
¢, which is independent of the number of particles, the number of rounds ¢
and also the vertex v. DOERR AND FRIEDRICH [DF06] improved this result
in the case of Z? and gave tight estimates for the constant ¢ depending on
the selected rotor sequence.

DiMITRIU, TETALI AND WINKLER [DTWO03, Theorem 9.2] showed that on
any finite tree T' the expected hitting time of random walk from vertex u € T'
to vertex v € T

Eu[r], with 7, =inf{t > 0: X; = v},

can be computed by a variant of the rotor-router model, in which the neigh-
bour of a vertex x, which is the closest to the target vertex v, is always chosen
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last in the rotor sequence of x. In Chapter [5| we give a result in a similar
spirit, which allows us to compute the harmonic measure of a finite subset
B of a graph G, that is, the probability

h(y) =Pyl =vy], with 75 =inf{t > 0: X; ¢ B},

in terms of a rotor-router process. This result is inspired by the methods of
HoLroyD AND Propp [HP10], where they introduced a class of weight func-
tions on the full configurations of the rotor-router model, that is, the position
of all particles together with the state of all rotors. The weight functions are
defined in such a way that the process of moving one or several particles,
according to the rules of the rotor-router model, does not change the total
weight of the system. Using this tool, they show that several quantities as-
sociated to the rotor-router walk, like hitting times and hitting probabilities,
occupation times, etc., concentrate around their expected values for random
walks. This approximation is also faster than in the case of random walks.
For rotor-router walks the discrepancy after n runs is of order O(nil), while
for random walks it is typically only of order O(n_l/ 2).

In the present work, we are mostly interested in rotor-router aggregation,
which is analogous to internal DLA in the sense that the particles perform
rotor-router walks instead of random walks. Let R; = {0} and define the
sets R,, recursively, by

Ryt1=R,U{z,} forn>1,

where z, is the first vertex outside of R,, that is visited by a rotor-router
walk, started at o. Note that all rotor-router particles share the same rotor
configuration, which is not reset when a new particle is started. We will call
the set R,, the rotor-router cluster of n particles.

The odometer function u(x) of the rotor-router aggregation is defined as the
total number of times that some particle is sent out from vertex x during the
creation of the rotor-router cluster.

The first major contribution in the study of rotor-router aggregation was due
to LEVINE AND PERES [LP08]. They showed that on the lattice Z? the set
R, rescaled by n=1/3, converges to the Euclidean unit ball in R?, in the sense
that the Lebesgue measure of the symmetric difference of the rescaled rotor-
router cluster and the unit ball goes to zero. In [LP09] the same authors
improved on this result.

Theorem 2.2.3 (Levine and Peres). Let R, be the rotor-router cluster on
7% with n particles starting at the origin, and let

Br:{$€Zd:|ZE’<T‘}
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be the Fuclidean lattice ball of radius r. Then there exists constants cqi,co
depending only on d, such that

BT—Cl logr CR,C Br(1+cg7“*1/d logr)>
1/d
where r = (&) , and wq is the volume of the unit ball in R?.

While the bounds on the radii in Theorem [2.2.3] are much better than the
best known estimates for IDLA on Z¢, computer simulations as performed by
KLEBER [Kle05] and recently by FRIEDRICH AND LEVINE [FL] indicate that
the errors are in fact much smaller, possibly even bounded independently
of the number of particles n. FRIEDRICH AND LEVINE used an innovative
algorithm which takes an approximation of the rotor-router odometer as its
input. The runtime of the algorithm is then dependent on the accuracy of
the initial guess. Using this technique they managed to compute rotor-router
clusters with up to 224 particles. For this cluster size the difference between
the outer and inner radius is only 1.65.

Another interesting phenomenon is that the rotors arrange themselves into
intricate patterns, whose general structure seems to be independent of the
initial rotor configuration. On the other hand, the choice of the rotor sequence
changes the appearence of the patterns drastically. See Figure for two
examples of rotor-router clusters on Z? with different rotor sequencesﬂ Still
nothing is known about this patterns.

On homogeneous trees, rotor-router aggregation has been studied by LANDAU
AND LEVINE [LL09]. They showed that, if the initial rotor configuration is
acyclic, that is, the directed subgraph of G that is formed by the rotors
containes no cycle, then the rotor-router cluster is a perfect ball with respect
to the graph metric, whenever it has the right number of particles to form
such a ball. For initial rotor configurations on that are not acyclic a shape
theorem is not proved for homogeneous trees even though the method used
in Chapter [4] of the present thesis should be applicable, but rather tedious.

Another example, where the rotor-router cluster is known explicitly, is the
case of the layered square lattice 72. This is the multigraph obtained from
72 by reflecting all edges on the coordinate axis away from the origin. For
example, if x > 0, the vertex at position (z,0) has the four neighbours
(x,1), (z,—1) and two times (z + 1,0). On this graph KAGER AND LEVINE
[KL] showed that the resulting rotor-router cluster has, whenever possible,
exactly the shape of a L! ball

D, = {(v,y) € Z* : |z + |y| < r}.

Thttp: / /rotor-router.mpi-inf.mpg.de| features high resolution images of rotor-router ag-
gregates with up to 10 billion particles computed by FRIEDRICH AND LEVINE using the
algorithm described in [FL].
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Figure 2.2: Two Rotor-router clusters mit 10 particles on Z2.
The four colors represent the different states of the rotors. The
cluster on the left uses a cyclic rotor sequence {1, —, |, <}, while
on the right an alternating sequence {7, |, —, <} is used.

This result depends on a fixed rotor sequence and also on a fixed initial rotor
configuration.

In this work we will focus on rotor-router aggregation on the comb. First
we will use a similar method as in [KL] to show that, for a fixed initial
rotor configuration, the rotor-router cluster, whenever it consists of the right
number of particles, has exactly the shape

By = {(z,y) €Ca: |z[ <m, |yl < h(m —[a])} form €N,

with h(x) = [%J This is the statement of Theorem 4.2.1

For arbitrary initial rotor configurations and independently of the chosen
rotor sequences, we can still say something, at least about an inner estimate
for the aggregate. Using Theorem [2.:2.2] and again with the help of rotor
weights, we can show the following inner bound.

Theorem 2.2.4. Let R, be the rotor-router cluster of n particles on the
comb. Then there exist constants c1,co and c3, such that for n > ng

B, C Ry,

where

o= e o e kS,

ol <1 (0 = 2) 4 oo - en?).
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2.2.3 Internal Diffusion Limited Aggregation

Let {th}n ey be a sequence of independent and identically P-distributed
random walks on the graph G, with common starting point X = o.

Definition 2.2.5. The Internal Diffusion Limited Aggregation (IDLA) is
a stochastic process of increasing subsets {A”}neN of G, which are defined
recursively as A1 = {o} and for n > 2

P[A, = Ap1 U{a}| Ana] =Po[X7 =],

Here 0, = inf{t > 0: X[ & A,_1} is the stopping time of the first exit of
the random walk X' from the set A,_.

This means that at time n a random walk X} is started at the root o, and
evolves as long as it stays inside the IDLA-cluster A,,_;. When X}* leaves
A, _1 for the first time, the random walk stops, and the point outside of the
cluster that is visited by X}* is added to the new cluster A,,.

This growth model was introduced by DiacoNis AND FurronN [DE9I] in
1991. In 1992 LAWLER, BRAMSON AND GRIFFEATH [LBG92] showed that
for simple random walks on Z¢, with d > 2, the limiting shape of IDLA (when
properly rescaled) almost surely is the Euclidean ball of radius 1. In 1995
LAWLER [Law95] refined this result by giving estimates on the fluctuations.
More precisely, define the inner- and outer-fluctuation d;(n) and dp(n), such
that the IDLA-cluster A, 4|, where wy is the volume of the unit ball in R,
almost surely contains a ball of radius n — d7(n) and is contained in a ball of
radius n + dp(n). Then the following estimates hold.

Theorem 2.2.6 (Lawler, 1995). For IDLA on Z¢ with d > 2, with probability
1

or(n)  _ do(n) _
n—oo p1/3 log2 n =0 and n—oo nl1/3 10g4 n =0

This bounds are not sharp. Computer simulations (see MOORE AND MACHTA
[MMOO] and FrIEDRICH AND LEVINE [FL]) suggest that the fluctuations are
probably only logarithmic in the radius. Recently several improvements have
been obtained. ASSELAH AND GAUDILLIERE [AG10a] and [AGIOb|] proved an
upper bound of order log(n) for the inner fluctuation §; and of order log?(n)
for the outer fluctuation dp in all dimensions d > 2. Inpendently, and using
different methods, JERISON, LEVINE AND SHEFFIELD [JLSI0] proved that
both d; and 8o are of order log(n) for IDLA on Z2.

The case of IDLA on Z% with simple random walk has been fully solved
by LEVINE AND PERES [LP10] (see also LEVINE [Lev07]), who showed that
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1T

Figure 2.3: Internal DLA cluster on the comb for 100, 500 and
1000 particles.

IDLA, rotor-router aggregation as well as the divisible sandpile model all
have the same scaling limit, when the lattice scaling tends to zero. This
scaling limit can be described as the solution of a free boundary problem of
a certain partial differential equation in R¢.

Internal diffusion limited aggregation has also been studied in other contexts.
BrLAcHERE [Bla00] proved a shape theorem for IDLA on Z¢ for centered
random walks, that is, random walks where the expectation of the increments
E [Xt —Xt—1] =0, for all ¢ > 1. Here the limiting shapes are always ellipsoids.
In 2004 BLACHERE [Bla04] obtained a shape result for the IDLA model with
symmetric random walk on discrete groups of polynomial growth, although
with less precise bounds than in the case of Z¢. KAGER AND LEVINE [KLI(]
proved that the IDLA clusters for a class of random walks on Z?, which they
call layered random walks, have the limiting shape of L'-balls.

SHELLEF [Shel0] investigated IDLA on the infinite cluster of supercritical
Bernoulli bond percolation on Z¢. Also in this case we have, for all ¢ > 0
and n big enough,

P[Buie) C A, ] = 1.
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Finally, in 2007 BLACHERE AND BROFFERIO [BB07] proved a similar shape
result for IDLA on finitely generated groups with exponential growth.

In all cases where IDLA dynamics has been studied so far, a common be-
haviour for the limiting shape of the clusters emerged. Namely, the limiting
shape can be described as the level set of the Green function, that is, sets of
the form

{r € G: G(o,z) > N},

where N is a positive constant.

This correspondence has been made particularly clear by BLACHERE AND
BRrorrERIO [BB07], with the introduction of the hitting distance (also known
as Green metric), a left invariant metric on finitely generated groups, which
is defined as

di(z,y) = —InP; |7, < oo,

where 7, = inf {t > 0: X; =y} is the stopping time of the first visit to y.
Further work on the hitting distance and its connections with random walk
entropy and the Martin boundary has been done by BLACHERE, HAISSINSKY
AND Matuieu [BHMOS].

In this work we present two new results for IDLA. In Chapter [6] we consider
IDLA for the simple random walk on the comb (see Figure , and we prove
the following shape theorem.

Theorem 2.2.7. Let A, be the internal DLA cluster of n particles starting
at the origin o, for the simple random walk on the comb Co. Then, for all
e > 0, we have with probability 1 that

B, (1—c) C An, for all sufficiently large n (2.2)

where
B, = (Y s

and the constants k and [ are given by k = (%)2/3 and | = % (%)1/3.

Note that the set B, here is the same as the limit set of the divisible sandpile
model on the comb from Theorem 2.2.2

The second new result is a shape theorem for IDLA on nonamenable graphs,
where the underlying random walks are strongly reversible and uniformly
irreducible, see Chapter [7] for details. In this case, IDLA behaves similarly
to the case of groups with exponential growth, that was mentioned above.
Also in this case the IDLA-clusters have the shape of level set of the Green
function. For the precise statement see Theorem [7.2.1






Chapter 3

The Divisible Sandpile Model

In this chapter we define the divisible sandpile model rigorously, and prove
the existence of a limit which is independent of the order of topplings. Section
is devoted to the divisible sandpile on combs, in particular to the proof
of Theorem 2.2.2

3.1 The Odometer Function

Let us first define the divisible sandpile process in a rigorous way. For sim-
plicity of notation, define the reversed Laplacian A as

N f(x) = py,2)fy) — f(z) = m(x) A f(x),

Yy~

where f'(z) = TJ; ((9;)) and m(z) is the reversible measure of the transition

operator p(z,y).

Given a mass distribution pi and a vertex x € G, the toppling operator is
given as

Topie = pii + o (x) AN 0,

where ay(y) = max{ui(y) — 1,0}, for y € G. Let now g be the initial mass
distribution, and {xj}r>0 be a sequence of vertices in G called the toppling
sequence, which contains each vertex of GG infinitely often. Then we can define
the mass distribution of the sandpile after k steps as

P 1(y) = Ty pire(y) = Tay, - Lo pro(y)-

This is the amount of mass present at y after toppling the vertices z1, ..., zg
in succession. We distinguish several cases:

17
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(a) For y = xy:
trr1(y) = pr(xr) + an(zr) A 0gy (vr)

= p(k) + (k) (Z (2, 21)02, (2) = Ou, (»”Ck:))

— Hk(ZEk) + max{pk(xk) -1, O} (p(xk’ ‘Tk) _ 1)
—_ {1 +p(xk,$k)(ﬂk($k) - 1), /lk(.’I)k) >1

i (k) pu (k) < 1.
(b) For y ~ x:

1 (y) = pe(y) + ar(zr) A 0z, (y)

= uk(y) + a(zy) (Z P(2,9)02,(2) — bz, (y)>

zrvy
= px(y) + p(wk, y) max{pg(zx) — 1,0}

_ {Mk(y) +P($k,y)(/~0k(l’k) - 1), pr(xg) > 1
1Y) (1) < 1.

(c) For y # zy and y % zy:

te+1(y) = px(y)-

From @ and @ we get for y ~ xp:

i1 (zr) — (k) = (p(2k, o) — 1) ag(zk)

(3.1)
ti1(y) — pe(y) = plzr, y)olzk).
Therefore,
> (1) — (@) = (p(zr, 2p) — Vaw(ze) + Y plaw, y)aw(zr) =0,
yeG Y~T
Y#Tg
and the sandpile does not leak mass. We can therefore define
M= o)=Y my) (32)

yeG yeG
as the total amount of mass of our sandpile.

The most important tool that will be used throughout this work in various
incarnations is the so called odometer function, which was introduced by
LEVINE AND PERES [LP09].
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Definition 3.1.1. The odometer function vy is defined as

@)= Y wW-ma) = > ),

J<k:zj=y J<k:zj=y

and represents the total mass emitted from a vertex y € G during the first k
topplings.

It turns out that it is easier to work with the odometer function than directly
with the mass distributions, since it has some nice properties. It will be
especially important in Chapters [4] and [6] where we use the results of this
chapter in order to derive shape theorems for the rotor-router aggregation
and IDLA.

In the following, we will state some results which hold for general reversible
transition operators on arbitrary graphs G. For the case of Z?, the proofs
can be found in LEVINE AND PERES [LP09]. The proof of the general case
is included for completeness.

3.2 Convergence of the Odometer

In order to prove that the sequence of mass distributions uj has a limit, we
first prove that the sequence of odometer functions v, converges.

Lemma 3.2.1. As k — oo, the odometer function vy converges pointwise to
a limit function v.

Proof. Let
B={yeG: d(y,suppug) < M}, (3.3)

where M is the total amount of mass of the sandpile, as defined in (3.2). We
have supp py, C B for all £ > 0. Let now ¢ : G — R be such that Al(z) =1
for all x € B. Define the weight

Q=Y mr(y)l(y) < max(y) > u(y) = M - max/(y)

eB €B
yeG Y yeG Y

From equation we get
Qi1 — Qr =Y (1 () — 1 (y)) £y)

yeG
= (p(ak, wx) — Do (wr)b(zr) + D plak, y)ar(z)l(y)
Y~Tg
Y#Tk

= ag(rg) A U(xy) = ag(zy),
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where the last line uses the fact that ag(x) = 0 for z ¢ B. Summing over k
gives

k
Qrt1= Qo+ ) aj(z;) = Qo+ Y vily) < max((x)- M.

€B
7=0 yeG Y

Hence, for each z € G the odometer function vg(x) is a bounded function.
Moreover, it is also increasing in k£ and this implies the pointwise convergence
of vg. Denote by v(x) = limy_~ vk(x) its pointwise limit. O

Note that in the previous proof we restrict the condition Afl(z) = 1 to the
trivial finite upper bound B, to ensure the existence of the function ¢. For
concrete calculations it is preferable to work with functions ¢ which satisfy
the condition on all vertices of G, if possible. For example the function
{(z) = ||x||* does this on Z? with simple random walk. Another example
would be Cayley graphs of finitely generated groups where the existence of
an function ¢ with A¢(x) = 1 on the whole graph is ensured by a theorem of
CECCHERINI-SILBERSTEIN AND COORNAERT [CCS09].

3.3 Convergence of the Sandpile

Using the fact that the odometer function vy of the divisible sandpile con-
verges pointwise to a limit function v, we can now prove the convergence of
the mass distribution uz of the sandpile after k£ topplings. The proof is again
based on the result of LEVINE AND PERES [LP09)] for Z¢. In the general case
we need our assumption of reversibility of the transition operator p(x,y). It
will be convenient to work with a slightly modified odometer function, which
takes the reversible measure into account.

Definition 3.3.1. The normalized odometer function v : G — R4 is defined

as ()

m(z)’

u(x) =

where m(x) is the reversible measure of the underlying random walk on G
with transition matriz P.

From now on we will mostly work with the normalized odometer function wu.
We are now able to prove the convergence of the mass distributions.

Lemma 3.3.2. The mass distribution uy of the sandpile converges pointwise
to a limit distribution u. Moreover

(@) = o) + m(x) & u(a).
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Proof. During the first k topplings, a vertex y € G emits p(y, x)vg(y) of mass
to a neighbour x ~ y. Therefore, the total amount of mass that x receives
during the first k£ steps is equal to

> p(y, z)ve(y).

y~z

Since the amount of mass present at x at time k is equal to the amount of
mass at x at the beginning, plus the amount of mass received by  and minus
the amount emmited by x, we have

(@) = po(x) + > ply, 2)vk(y) — vi()

Y~x
vk(y) k()
= x)+m(x plx, -
— po(@) + m() A ug(a),
where uy,(z) = 2 (2) Using the convergence of vy proved in Lemma (3.2.1{ we
m(z)

conclude that the mass distribution py also converges, and the limit distri-
bution p satisfies the relation

pla) = lim g (z) = po(w) +m(z) & u(z).
O
If G does not have loops, it is trivial that u is bounded above by the constant
function 1, since for every y € G we have pur < 1 whenever y = z;. Hence

for each vertex y there is a subsequence yy, (y) < 1. If G has loops we have
to be more careful.

Lemma 3.3.3. The limit distribution p of the sandpile satisfies

uw(x) <1, forallzxeG.

Proof. Let us consider the set
C={ze€G: Je, >0s.t. p(z) > 1+ ¢, for infinitely many k}.

Since ug(x) = 0 for x ¢ B, with B defined as in (3.3]), C is a subset of the
set B, and C is finite. Assume that C is not empty, which means that there
exists some x € G with p(z) > 1.

Define the inner boundary 9;C of C as

OIC:{:EGC’:EIyN:U, Withy¢C’},
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and choose vertices « € 9;C', and y ~ x with y € C. Since x € C, the value
of the odometer function ux(x) exeeds 1+ ¢, infinitely often. This implies
that a(z) > €, infinitely often.

Because the toppling sequence is choosen such that every vertex topples in-
finitly often, e, - p(z,y) amount of mass is added to each neighbour y ~ x
infinitely often. Eventually p(y) will be bigger than 1. Moreover,

g
pr(y) > 1+ ;p(x, Y)

infinitely often. Hence y € C, which is a contradiction to the finiteness of C.
Sopu<1ondG. O

3.4 Abelian Property

Everything we did in the last three sections depends on the chosen toppling
sequence {z}r>0. In the next Lemma we give a representation of the nor-
malized odometer function u which is independent of the toppling sequence.
Since the limiting mass distribution depends only on the initial mass distri-
bution and on the odometer function (Lemma [3.3.2)), the limit behaviour of
the divisible sandpile is independent of the toppling sequence. This is the
Abelian property, which will be fundamental to our further investigations.

Definition 3.4.1. Let g : G — R be a function on G. Define its least
superharmonic majorant on a set 8 C G as:

sg% (z) = inf {f(z) . f superharmonic on B, f > g}.

Remark that the function s? is itself superharmonic on 9. From Lemma
and we get
1 1
JAN = —— - < ——(1- .
U(Z) m(z) (IU’(Z) NO(Z)) = m(z)( ILLO(Z))

In particular, if z € S, where S is the set of fully occupied sites defined in

(2.1), we have
1

W(l — ho(2))- (3.4)
Additionally, by definition, u(z) =0, if z € S.

Au(z) =

Let us consider a function v : G — R, such that

1
Ay(z) = W(l — po(z)), for all z € B, (3.5)
where B is a subset of G which contains the set of fully occupied sites S of
the sandpile, i.e. B O B with B defined as in ({3.3)).
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Lemma 3.4.2. The normalized odometer function u of the sandpile satisfies

u=(y+s)ls,

B

=, 1s the least superharmonic magjorant of —v, and

Lo () = {1, if 2 € B

where s = s

0, otherwise,

is the indicator function of the set B.

Proof. By the definition of the function ~, in equation , we know that
A(u—)(z) <0 for z € B. Therefore, u — v is superharmonic on B. Also u
is nonnegative on B and this implies that u —y > —y on 2. Therefore u —~y
is a superharmonic majorant of —v, which implies that © > v + s on the set

B.

In order to prove that u —y < s, let us consider the function s+~ —u, which
is superharmonic on S = {z € G : u(z) = 1}, because, for all z € S, one has

A(s+v—u)(z) = As(z) <0.

Outside the sandpile cluster S, u(z) = 0, and because s is a majorant of —,
we have s+~ —wu > 0. By the minimum principle for superharmonic functions
this inequality extends to the inside of S, hence u < y+s. Therefore, u = y+s
onBDS. O

Remark 3.4.3 (Abelian property). The limit of the odometer function u is
independent of the toppling sequence {xy}r>0, since Lemma does not
depend on any toppling sequence.

Remark 3.4.4. A consequence of the Abelian property is that u, p and S
are invariant under all automorphisms of the graph G which fix the start
distribution pg.

With the help of Lemma we shall next prove that the sandpile cluster
on the comb has the shape described in Theorem

3.5 Divisible Sandpile on Combs

We will now study the behavior of the divisible sandpile on Co. We only
consider the case where the initial mass distribution is a point mass at the
origin.
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Remark 3.5.1. Let u, be the normalized odometer function on Co with re-
spect to simple random walk, for the initial mass distribution pg = n-0,, and
let S, be the sandpile cluster in this case. Then by the Laplacian of the
odometer function is given by

Aty (2) = d(lz)@ Cn60(2), (3.6)

where d(z) is the degree of z in Cs.

We can reduce the odometer function u, on the comb to the odometer func-
tion of the divisible sandpile on Z, which is easy to compute.

Let @, be the normalized odometer function of the divisible sandpile on Z,
with initial mass distribution concentrated at 0, that is, jig = n - §y. By
Remark it is clear that the sandpile cluster S, on Z in this case is a
symmetric interval around the origin 0. To be precise, we have

To compute the odometer function 1, by Lemma we need to construct
a function 4, : Z — R, such that

N (y) = %(1 —ndo(y)),

for all y € Z. One possible choice for 7, is

Yn(y) = % (y - 2)2 (3.7)

Since 4, is non-negative, the constant function 0 is a superharmonic majorant
of —4,. Hence, by Lemma |3.4.2

Uy, < Yn,

for all n > 0.

We can now go back to the comb. Consider 7, : C2 — R with

Mn(@,Y) = Yn, (¥), (3.8)
where n, € R, for all z € Z.

It is clear that this is the right way to define -, since we can interpret each
number n, as the total amount of mass that ends up in the copy of Z, which
is attached to the vertex x. Each copy of Z in the comb runs its own sandpile,
mostly independent of the others.
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It is easy to check that -, satisfies property (3.4) for all z = (z,y) € Ca, if
and only if

Ng =N - 1{:1::0} + Vo1 (0) — 290, (0) + Yres1 (0) (3.9)
holds for all z € Z.

If we now plug (3.7) into (3.9)), and use the fact that n, = n_, by symmetry
(see Remark , we get the following explicit nonlinear recursion for the
numbers n,

1 1
ng =n -+ Zn% - 1”(2)7 (3.10)
1 1 1
Ny = gni—l — an + gniﬂ, for z > 0. (3.11)

Equation (3.11)) has an explicit solution as a quadratic polynomial of the form

5 92 +4
where t is a real parameter. The function n, is positive for all z. If we use
the initial condition for ng, we get also an explicit equation for the
parameter ¢t

(3.12)

Sy By 5]
n=— - —t+ -.
16 4 12 3
This equation has one real root, which is given by
28 4
t="T ~—T(n)™' - 3.13
() + ST ™ - 3, (3.13)
with
1
8v/2187n2 — 2916n + 629  24n — 16\ °
T(n) = [ BV ntos, 2 .
813 9
By a series expansion around n = co we get
9\ 1/3
t=2 (3) n'/3 +0(1). (3.14)
Therefore, the function
- 1 Ng \ 2
W(2,Y) = Tn, () = 5 (y - f) ) (3.15)

with n, defined by (3.12)) and (3.13) satisfies

A’Yn(xv y) = ,rnj(Lw)(l - /J'O(xvy))
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Figure 3.1: Two plots of the function =, for n = 1000. The
graphic on the left is superimposed with contour lines represent-
ing the the sets B,, for various values of n. In the density plot
on the right, dark areas represent small values. By construction,
the finite area which is surrounded by the local minima of ~,
coincides with the region .S, covered by the sandpile.

for all (x,y) € Ca.

With this in hand, we are now able to find an inner and outer estimate for
Sy,. This is the statement of Theorem But first we need another simple
fact about the odometer function u,. For the proof see [LP09, Lemma 3.4].

Lemma 3.5.2. Ifz € S, \ {0} and y ~ x with d(o,y) < d(o,x), then

Un(y) > up(x) + 1.

Proof of Theorem [2.2.2,

The upper bound: The mass distributions n, are nonnegative for all x, there-
fore 7, is nonnegative, which implies that the constant function 0 is a super-
harmonic majorant of —v,. Hence, it follows by Lemma [3.4.2] that ~, is an
upper bound of the odometer function w,,.

Since u, decreases by a fixed amount (Lemma [3.5.2)) on the set S, of fully
occupied sites when we move away from the origin, to get an upper bound of
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Sy, it suffices to calculate the minima of v, along each infinite ray starting
at 0. By Remark it suffices to consider only the first quadrant.

First we consider the two rays which lie entirely on the z-axis, where 7, (z,0) =

%n%. The minimum of this function is attained at position z,y, = %t, with ¢

given as in (3.13)). Using the series expansion (3.14)) of ¢t we get

3\ 2/3

Tmin = kn'/? + O(1), wnhk::<2> : (3.16)
which is also an upper bound of S,, on the z-axis by Lemma since
Yn(|%min |, 0) is bounded by a constant which is independent of n and smaller
than 1/10.

To calculate the extent of the sandpile cluster on the “teeth”, we need to
compute the minima of v, in the y-direction. On each “tooth” of the comb ~,
is a quadratic polynomial which has its minimum at ymin(z) = %. Moreover
Y(2, |Ymin(z)]) < 3. Using and a series expansion around infinity we
get 2 2 1 7l

Ymin(z) =1 (n1/3 — %) +52 - ﬂnl/g - g—kxnfl/?’ +O(1),

where [ = 3 (3) 3 By the estimate in the z-direction we know that (z,y) €

Sy, only if & < yin, hence, using the expansion (3.16)) for zmi,, we obtain
1/3 _ T\?
Ymin(2) <1 (n'/7 = 2"+ O(). (3.17)
So for n > ny, the following two inequalties hold for (z,y) € S,
2| < kn'/+0(1),
2
yl <t (n'?=7) 4+ 0().

This proves the outer estimate of Theorem [2.2.2] that is, S, C Bye.

The lower bound: In the previous part of the proof we have seen that on each
infinite ray the minimum of ~,(z) is smaller than a non-negative constant a,
which is independent of n.

By the outer estimate we know that w,(z) = 0 for all z € 9B, .. Hence
Un(z) —yn(2) > —a for all z € OB, +.. Since the function u, —~, is superhar-
monic, by the Minimum Principle, it attains its minimum on the boundary
and the inequality

un(2) = (2) > —a

holds for all z € B, y.. Thus 7, — a is also a lower bound of the odome-
ter function on B;,4+., which gives the inner estimate B,,_. C S, for some
constant c. O]
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In the next chapters we will use the odometer function u, in order to derive
shape theorems for IDLA and the rotor-router model. For further reference
we formulate the following corrollary.

Corollary 3.5.3. Let u,, be the normalized odometer function of the divisible
sandpile on the comb Co, with initial mass distribution pg = n - d,, and B,
the subset of Co as defined in Theorem [2.2.2. Then there exists a constant
0 < a <2, such that for all n > ng and all z € Co

(m(2) = a)1p, < un(2) < 7n(2).

Note that the same method could, at least in priciple, be applied to general-
ized combs which are defined as follows, see also [KP04].

Definition 3.5.4. Given two graphs G and H with neighbourhood relations
~q and ~g, and a root vertex o € H, define Comby (G, H) to be the graph
with vertex set V(G) x V(H) and neighbourhood relation

(g1, h1) ~ (g2, h2) & [gl =g9 and hy ~g hg] or [gl ~a g2 and hy = hy = 0].

If G and H are both recurrent, also Comb (G, H) is a recurrent graph.
PERES AND KRISHNAPUR [KP04] showed that in this case the finite collision
property also holds for these generalized combs.

Assuming we know the odometer function u!! for the divisible sandpile on H
with initial mass distribution pll = n-d,, one can analogously to (3.8)) define
the odometer on Comby (G, H) as

u(g, h) = wif (h),

as long as we restrict ourselves to an initial distribution po which is concen-
trated on G. Again ng is the amount of mass that ends up in the copy of H,
which is attached to G at vertex g. Hence ny, > 0, and they should satisfy

the equation
1
A%u(g) = ——— (ng — o(g,0)), (3.18)
Ialg) " )
for all g € G, for which the vertex (g,0) is in the sandpile cluster. Here A®

is the Laplace operator on G and the function @ : G — R is defined as
a(g) = ull (o).

Equation (3.9) is a special case of (3.18]) for the comb Co = Comby(Z,Z).
Unfortunately, already in the next easiest case, the iterated 3-dimensional
comb Cz := Combyg(Ce,Z), equation (3.18) is quite hard to work with.
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Rotor Router Aggregation

In this chapter we prove two shape theorems for rotor-router aggregation on
the comb Cy. The first result, Theorem [4.2.1] gives an exact description of the
rotor-router cluster for a specific initial rotor configuration (see Figure ,
and clockwise rotor sequence for all vertices. The second, Theorem [£.3.4]
gives a weaker inner bound for arbitrary initial rotor configurations. Finally,
in Section we prove an inner bound for rotor-router aggregation, that is
valid on all regular graphs.

4.1 The Abelian property

A rotor configuration on G is a function
p:G— G,

with p(x) ~ z, for all x € G. Hence p assigns to every vertex one of its
neighbours. A rotor configuration p is called acyclic, if the subgraph of G
spanned by the rotors contains no directed cycles. A particle configuration
on G is a function o : V' — Z, with finite support. If o(x) = m > 0, we say
that there are m particles at vertex .

The rotor sequence at vertex x will be denoted by ¢(z) = (xo, T1,. .- ,a:d(x)_l)
where all z; ~ z and z; # x; for i # j.

Definition 4.1.1 (Toppling operator). For a rotor configuration p and a
particle configuration o, we define the toppling operator F,, which sends one
particle out of vertex v, by

Fy(p, o) = (p',0"),

where
{p<w>+ ifw=v,

p(v) otherwise.
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Here p(w)* is defined as

P(w)+ = W(i41) mod d(w)>

if p(w) equals w; in the cyclic ordering c(w) of w, and the new particle con-
figuration is given as

o(w)—1 if w=wv,
W)= o) +1  ifw=p),
o(w) otherwise.

So F, first changes the rotor configuration by rotating the arrow at v to its
next position, and then it sends a particle along the edge the rotor at v is now
pointing at. The operation F;, of toppling at some vertex v can be successful
even if there is no particle at v. If this is the case, then a “virtual particle”
is sent away from v and a “hole” left there. If there is already a hole at v,
the operator F,, will increase its depth by one. In the normal rotor-router
aggregation no holes are allowed to be created during the whole process. A
sequence of topplings {vg}r > 1 is called legal, if no holes are created when
the vertices vy are toppled in sequence.

Note that the toppling operators commute, i.e., F,F,, = F,F, for all v,w €
G. This is the usual abelian property for rotor-router walks. While the final
configuration result is always the same, rearranging the order of the topplings
can turn a legal toppling sequence, into one that creates holes and virtual
particles.

Given a function v : G — N we denote

FY = H Fu©)
veG

where product means composition of the operators. Because of the abelian
property, £ is well defined.

The proof of Theorem is an application of a stronger version of the usual
Abelian property of rotor-router walks, which has been recently introduced
by KAGER AND LEVINE [KL]. We state it here for completness. For the
proof see [KL].

Theorem 4.1.2 (Strong Abelian Property). Let p be a rotor configuration
and o a particle configuration on G. Given two functions ui,us : G — N,
write

FY(p,0) = (pi,04), i=1,2.

If 01 = 09 on G, and p1 and p2 are both acyclic, then u; = ua.
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By the strong Abelian property we know that each end configuration can
only be achieved by an unique amount of topplings for each vertex, even if
we allow virtual particles to be formed during the process. In the case of
rotor-router aggregation we have o = n-J,. The desired end configuration is
equal to 01(z) = 1(zeR,}-

Thus, as soon as we find a valid odometer function u; (z) for the end configu-
ration o1 (z), we also know that there exists a legal toppling sequence where
each vertex x topples exactly uj(x) times, and which does not create virtual
particles during the process.

FRrRIEDRICH AND LEVINE [FL] use this principle to give a exact characteriza-
tion of the odometer function of rotor-router aggregation.

Theorem 4.1.3 (Friedrich, Levine). Let G be a finite or infinite directed
graph, po a initial rotor configuration on G, and og a particle configuration
on G. Let u be the rotor-router odometer function of og.

Fizu, : G — N, and let A, = {ac € G :u(z) > O}. Further define py and
ox by

FU* (PO,UO) = (P*,O'*)~
Suppose the following properties hold:
e 0, <1
o A, is finite
e o,.(x)=1 forallx € A,

e p, is acyclic on A,.

Then u, = u.

4.2 Specific Initial Rotor Configuration

The next result gives the exact shape of rotor-router aggregation on the comb,
for a specific initial rotor configuration and fixed rotor sequence.

Theorem 4.2.1. Let R,, be the rotor-router cluster of n particles on the comb
Ca, with initial rotor configuration py, defined as in Figure[4.1, and clockwise
rotor sequence for all x € Co. Define

By = {(z,y) €Co: |z <m, |yl < h(m —|a])} form €N, (4.1)
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e—> o—>
o—> o—>
o—> o—>
o—> o—>
o—> o—>

<« <o —> o—> o—>

<o <o
<o <o
<o <o
<o <o
<o <o

Figure 4.1: The initial acyclic rotor configuration po.

with h(zx) = L%J Then for ny, = |Bp|, the rotor-router cluster satisfies

R, = B, for all m > 0.

m

Note that the set By, coincides with the set 5,, from Theorem with
the exception of two points on the z-axis, whenever m € N and n € R>( are
chosen such that m = kn'/3 + 1, with k = (%)2/3
we parameterize B, by the z-coordinate of its rightmost point on the z-axis
instead by its area, we get the following

. As a matter of fact, if

B, = Bj = {(z,y) €Cy: |z| <M and |y| < h(m — )},
with m = kn'/3 and h(z) = ”"—; Hence, for all m € N,

Byl = B U {(=m —1,0),(m+1,0)}.

For the proof of Theorem an exact expression for the cardinality of the
sets B,, is needed.

Proposition 4.2.2. Let B,, be the set defined in equation (4.1)). Then, for
all m > 0 the cardinality of By, is given by

1
|B| = §(4m3+12m2+24m+5+2((m+2) mod 3)). (4.2)
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Proof. In order to simplify the statement of the proposition, we have to
distinguish three cases, namely for m = 3k + 4, with ¢« = 0,1,2. The right-
hand side of (4.2) is then equal to

No(k) = 12k + 12k? + 8k + 1, for m = 3k
Ni(k) = 12k3 + 24k® + 20k + 5, for m = 3k + 1 (4.3)
Ny (k) = 12k3 + 36k* + 40k + 15, for m = 3k + 2.

We prove (4.3)) by induction over k. The base case of the induction (m = 0)
is immediate from the definition of B,,. The inductive step follows from

|Bin| = |Bm—1| + 2(h(m) + h(m + 1) + 1).

O]

We will use Theorem in order to prove an exact formula for the odometer
function of the rotor-router aggregation defined in Theorem For this,
we first look at the router-router process on the non-negative integers.

4.2.1 Rotor-Router on the non-negative Integers

For a better understanding of the rotor-router process on Co, we first analyse
it on its “half-teeth”, that is, on the nonnegative integers, where it is very
simple. Consider G = Ny, where the vertex 0 is a sink, and the initial rotor
configuration pg is given by

po(y) =y+1, Vy=>1.

Let Ry = {1}, and define a modified rotor-router aggregation process R,
recursively as follows. Start a rotor walk in 1, and stop the particle when it
either reaches the sink 0, or exits the previous cluster Rn,l. Denote by Zz, the
vertex where the n-th particle stops, and by p,, and 4, the rotor configuration
and odometer function at that time. Then,

A {Rnl U{z.}, if 20 #0

R, 1, otherwise.

Obviously R, = {1,...,hy} for some sequence h,,. Since py is acyclic, all
rotor configurations p, are acyclic and have the form

prid y+ 1, otherwise,
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No

5 b

4 Jo to o o l1 42

N Jo to 4o L1 2 42 2 lj ls 16

) o o 1 2t o L5 fe to 7 lo l11 12
o 1 2 3 5 f 7 9 1 ti2 13 15 17 19 f2

1| b ' b Vo

0 [ ] L] [ ] [ ] [ ] L] L] [ ] [ ]

Figure 4.2: The first steps of the process R,, on Ny. The dots
mark the vertex, where the current particle stopped.

for some numbers 0 < r,, < hy,.

The odometer function 1, is given by

f(hn - Z/) + e<rn - y)l{ygrn}a 1<y<hy,

0, otherwise,
(4.4)

where e(y) = 2y + 1 and f(y) = y(y + 1). That 4, correctly describes the

odometer function of R, can be easily verified by induction. See Figure

for a graphical representation of the process R,.

ﬂn(y) = ﬂ(hn,rn,y) = {

4.2.2 Odometer on the Comb

Since the rotor-router aggregation on the “teeth” of Co behaves like the process
R, from the previous section, it is enough to determine the numbers 7, and
hy in , depending on z, in order to fully specify the odometer function
on Cy for points off the z-axis.

Consider the sequences given by

0, x € {0,1}
re =4 i (;L«Q — T+ 10) x =2mod 3 (4.5)
%(ﬁ —x+6), otherwise,

and h; = L%J as in the definition of B,,.

Define uy, : By, — N by

um (2, y) = u'(m — |z, |y]), (4.6)
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Figure 4.3: The first three fully symmetric configurations, con-
sisting of n particles. The numbers are the values of the odometer
function u,,.

where

() = ughz,w,y), y>0
2u(hx,rx,y) —-2- 1{17:2}, y=0,

with @ as in (4.4]). We claim that w,, is the odometer function for rotor-router
aggregation of | By,| particles on the comb.

4.2.3 Proof of Theorem [4.2.1]

Definition 4.2.3. Let (p,o) be the final configuration of the rotor-router
aggregation process described in Theorem for |Bp,| particles. The con-
figuration (p, o) is then called the m-th fully symmetric configuration.

Figures [4.3 and [4.4] show examples of fully symmetric configurations.

Next we will show that, if m is big enough, the toppling function u,, defined
in (4.6) generates exactly the m-th fully symmetric configuration, if |B,,|
particles start at the origin.

Lemma 4.2.4. Let pgy be the initial rotor configuration defined in Figure[]. 1],
and oo = |Bpn|do. Furthermore, define py, and oy, as

(pmaa-m) = Fum(f70700)7

where wy, is defined as in (4.6). A clockwise rotor sequence is assumed for
all vertices. Then o, = 1p, , for all m > 2.

Proof. We can use Theorem to verify that w,, is indeed the odometer
function of this rotor-router process. For this we need to check the four
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Figure 4.4: The 6™ and 7*" fully symmetric configurations, con-
sisting of n particles. The numbers are the values of the odometer
function u,,.
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properties of Theorem with
A, = Bp \ {z € By, : 3y ~ z such that y & By, }.

The set A, is obviously finite. For those vertices z € A, that have neighbours
in By, \ A., we have, by , um(z) < 3, if z is not on the z-axis and
um(z) = 6 otherwise. In both cases exactly one particle is sent to the vertex
outside of A,, hence o,,,(2) < 1 for all z € A,.

Next we prove that o,,(z) = 1, for all z € A,. Since by definition w,, is
symmetric, we need to consider only one quadrant. Let z = (z,y) € B, with
x,y > 0. We need to distinguish several cases.

Case 1. y > 2: This is the case of the rotor-router aggregation on the
nonnegative integers. The number of particles the vertex z receives from
its neighbours should be one more than the number of particles z sends
to its neighbours. From Figure and due to the fact that the final rotor
configuration restricted to each “tooth” is acyclic, there are only four possible
situations:

(a) The rotors at the vertices (z,y—1), (z,y) and (z,y+1) all point outwards
(T). This is the case when 7, < y — 1, hence the vertex (x,y) receives
28 (y — 1) + 3Ty (y+1) particles from its right and left neighbours, and
it sends @, (y) particles. That is,

Tm(e,5) = 3 [ (e =y + 1)+ (e =y = 1)] = f(he — 1) =

(b) The rotors at the vertices (z,y—1), (z,y) and (x,y+1) all point inwards
(1). Hence r, > y + 1 and, comparing the numbers of incoming and
outgoing particles, we have

om(e,5) = 5[ (e =y +1) + (e =y + 1)+ flh =y = 1)

+e(rz_y_1)]_f(hm_y)_e(rm_y)zl'

(c) When the rotors from 1 to y — 1 point inwards (|) and from y to h, point
outwards (1), then r, =y — 1, and we have

oon(21) = %[f(hx,m,y —1) +¢(0) — 1]

1
+ Ef(h:mrmy + 1) - f(hxﬂ"m,y) =L
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(d) The last case which can appear is when all rotors from y to 0 point
inwards (|), and from y + 1 to h, outwards (7). Then r, = y and

(1) = %[f(hm,m,y —1)+e(l) - 1]

1
+ §f(ho:ﬂ“z,y+ 1) — f(hgyreyy) —1=1.

Therefore, for all (z,y) € By, with y > 2, 0,,(x,y) = 1, which implies that
the points (z,y) are left with one particle after firing u,, times.

For the rest of the proof we shift the coordinate system such that the point
(—m, 0) lies at the origin, which means that we can work with the function
u/ directly. Since the function «’' does not depend on m, most of what follows
holds independently of m. Only to deal with the center point of the set B,
(Case 4), we need to take the parameter m into account.

Case 2. y = 1: Consider o,,,(2) for the vertex z = (z,1). For z > 9 the
number of inwards pointing arrows 7, is always greater than 2. So with
the exception of a finite number of exceptional points (z € {1,2,5,8}), all
relevant rotors on the teeth, are pointing inwards (] ) and the vertex z receives
[%u’(m, 2)] particles from its upper neighbour. For x > 3, the number «/(z, 0)
is divisible by 4, so all neighbours of (x,0) receive exactly the same amount
of particles. Hence

om(z,1) = iu'(z,()) + %(u'(m, 2)+1) —u(z,1),

if 2z is non-exceptional. Since the values of u’ involved here depend on 7., we
need to check each congruence class x mod 3 separately. In all three cases it
is an easy computation to show that o,,(z) = 1.

At the exceptional points z = (z,1), for z € {1,2,5,8}, the correctness of
the function u' can be verified directly.

Case 3. = # m and y = 0: On the z-axis, the points z = (z,0) for
x €{0,1,2,3} are again exceptional and need to be checked separately.

For x > 4, the vertex z receives particles from (z — 1,0), (z + 1,0), (z,1),
(z,—1). Here u/(z — 1,0) and «/(z + 1,0) are again both divisible by 4. By
symmetry u'(z,1) = u/(x,—1), and the number of inward pointing arrows
r, > 1 in this case, hence z receives u/(z,1) + 1 particles from its upper and



4.2. SPECIFIC INITIAL ROTOR CONFIGURATION 39

lower neighbours combined. Thus

1 1
om(x,0) = Zu’(m -1,0) + Zu’(w +1,0) + v/ (2, 1) + 1 — u'(x,0)

1 1
= Z [2’&(}%717 Tz—1, 0) — 2] + Z [2ﬂ(hx+1, Tr41, O) — 2] (47)

+ @(hy, 75, 1) — [20(hg, T2, 0) — 2].

Depending on the congruence class mod 3 of z, we substitute the correspond-
ing branch of the function r, in equation (4.7). In all cases o,,(z,0) = 1
holds.

Case 4. Midpoint x = m, y = 0: Everything until now was independent on
the number of particles |B,,|. Since u,, is created from v’ by translation and
reflection, the vertex z = (m, 0) after translation corresponds to the origin of
the cluster.

At the start of the process, |B,,| particles are present at z, so o¢(z) = |Bp|.
We assume that m is big enough, so that none of the neighbours of z is an
exceptional point.

By symmetry, z receives %u’ (z — 1,0) particles from its neighbours on the x

axis, and u'(x,1) + 1 particles from its neighbours on the teeth. Hence
1 !/ / /
om(z) = oo(2) + U (x —1,0) +u'(z,1) + 1 — u'(z,0).

Substituting the formulas obtained for |B,,| mod 3 in (4.3), into the previous
equation, gives the desired result o,,,(2) = 1.

Finally, we need to check that the rotor configuration p,, is acyclic. For
m < 2, this follows again directly from Figure If m > 3, we again
work with shifted coordinates. It is clear from the previous section that p,
restricted to each “tooth” is acyclic. Hence it suffices to check that no cycles
are created by rotors on the z-axis. If z = (z,0), the odometer u,,(z) is
divisible by 4, except when = 2. So the rotors at these vertices point in
the same direction as in the start configuration pg. The odometer at the
exceptional point w = (2,0) is v/(w) = 23 = 3 (mod 4) independent of m.
Hence, these rotors point in the direction of one “tooth”. If the rotor at
position (2, 1) points towards the z-axis, it creates a creates a directed cycle.
By , we have ro = 0, which means that all arrows on these “tooth” are
pointing outwards. Hence the rotor at w does not close a cycle. See Figure
[4.4) for a visualisation of the rotor configurations under consideration.

Therefore all properties of Theorem [£.1.3]are satisfied which proves the state-
ment. O
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Proof of Theorem[{.2.1. In the case m < 2, the statement of the Theorem
follows by direct calculation of the respective aggregation clusters, see Figure

43l

For m > 3 it follows from the previous Lemma. O

4.3 Rotor Weights

In Theorem we proved a shape result for the rotor-router model for a
fixed initial rotor configuration. Similar theorems can be proved for different
start configurations, but it would be interesting to prove a shape theorem
which holds for arbitrary initial configuration.

Computer simulations, as well as all that is known for rotor-router aggrega-
tion on Z¢ and other state spaces, suggest that R,, does not depend on the
initial choice of the rotor configuration up to constant fluctuations. In this
section we give an inner bound for the cluster R,, which holds for arbitrary
initial configuration of the rotors and is independent of the rotor sequence.

The method relies on an idea of HOLROYD AND Propp [HP10], which they
use to show a variety of inequalities concerning rotor-walks and random walks.

Start with a particle distribution o9 : G — N and rotor configuration pg :
G — G such that po(z) = ¢(2)o for all z € G, that is, all initial rotors point to
the first element in the rotor sequence. We further assume that g has finite
support, i.e., there are only finitely many particles in the system, so that we
don’t need to deal with questions of convergence. We will route particles in
the system, and this gives rise to a sequence (pt, 0¢)¢>0 of particle and rotor
configurations at every time ¢. To each of the possible states (p¢, o) of the
system, we will assign a weight.

Fix a function h : G — R. We define the Particle weights at time t to be

We(t) =Y oi(2)h(2). (4.8)

zeG

Define the Rotor weights of single points z € G as

(2, k) 0, for k=0 (4.9)
w(z, k) = :
w(z,k—1)+ h(z) — h(zk mod d(z)), for k > 0,

where z; is the i-th neighbour of z in the rotor sequence ¢(z). Notice that,
for k > d(z),
w(z, k) = w(z, k —d(z)) —d(z) A h(z). (4.10)
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The total Rotor weights are given by

Wr(t) = 3 w(z,u(2)),

z€G

where u(z) is the odometer function of this process, that is, the number of
particles sent out by the vertex z in the first ¢ steps. Note that pg is chosen
in such a way that, if i = u;(2) mod d(2), then z; = p(z) for all ¢ > 0 and
ze@.

Lemma 4.3.1. The sum of rotor and particle weights Wp(t) + Wg(t) is
constant.

Proof. We show that Wp(t) + Wgr(t) = Wp(t +1) + Wr(t +1).

Let z € G be the vertex from which the particle is routed away at time t. The
particle moves in the direction of the new rotor at z, that is, to the vertex
pt+1(2). Therefore, for the particle weights we have

W (t+1) = Wp(t) — h(z) + h(u1 (2)).

Since ui(w) = ug1(w) for all w # z, all rotor-weights, except the one at z,
stay the same. By (4.9) we get

WR(t -+ 1) = WR(t) + h(z) — h(ut+1(z)).
O

In the case of rotor-router aggregation, the initial particle configuration is
o9 = n - d,, that is, we start with n particles at the origin and we route a
specific particle only if there is at least one other particle at the same position.
The process terminates when no two particles are at the same position. By
the Abelian property, regardless of the order of particle routings, this process
produces the same result as the rotor-router aggregation process we have
defined in Section Write (end, pend) for the state of the system reached
when the rotor-router cluster R,, has been created. By definition

Oend(2) = lier,y-
We use the weight function

h =h = — 4.11
() = () = Z9E2, (4.11)
where G,, is the Green function stopped upon exiting the set S, of fully

occupied sites for the divisible sandpile with mass distribution pg = n - d,,
defined in Theorem 2.2.2
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Note that, for y € S,,

m— for y =z
Ahy(z) = 4@ 4.12
(2) {O, otherwise. ( )

The particle weights at time ¢ = 0 are given by
W (0) = nhy (0), (4.13)

while the rotor weights Wg(0) = 0. At the end of the process, i.e., at time

t = end we have
plend) = Y hy(2) < Y hy(2), (4.14)
ZERn ZESn

since hy is equal to 0 outside of S,,. For the rotor weights we get from (|4.10))

Wr(end) = > VCZS)J (—d(2) D hy(2)) + Y wlz k),  (4.15)

z€R, ZER,

where up is the rotor odometer function and k, = upr(z) mod d(z). Using

and in the previous equation we get
J 5 3 () -tz

z€R,, i=0 (416)

Wi (end) = [

2€Sp W~z
Since the total weights are invariant under routing of particles, it follows that

Wp(0) + Wgr(0) = Wp(end) + Wg(end). (4.17)

From , together with , and , we obtain
> (ndo(2) — 1)hy(2)

ZESh z€S, w~z

w)l.  (4.18)

If we write v(y) for the left hand side of inequality (4.18]), that is

o) = 3 (ndo(2) — )hy(2),

zZES),

then v(y) = 0 for y & S,,, and because of the linearity of the Laplacian, we
get

1
@(1 —ndp(z)) for y € Sy.
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By , the normalized odometer function u,, of the divisible sandpile on G
with initial mass distribution pg = n - §, satisfies exactly the same Dirichlet
problem, hence v(y) = u,(y) and we get the following result, which compares
the odometer function of rotor-router aggregation with the odometer function
of the divisible sandpile.

Proposition 4.3.2. Let u,, be the normalized odometer function of the divis-
ible sandpile with initial mass distribution po = n - d,, and ur the odometer
function of rotor-router aggregation with n particles starting at the origin
0 € G. Then, for all y € G,

S

R(Y)

+ Whest (y), (4.19)

with

- . (4.20)

Inequality has been derived by LEVINE AND PERES [LP09] in the case
of Z% using a different method. In Section we use a variant of their
approach to prove an inner bound of the rotor-router cluster, which holds for
arbitrary regular graphs.

For trees, the upper bound of the rotor weights Wi (y) can be written in
terms of the estimated distance of the starting point of a random walk to the
point where it first exits .5,,.

Proposition 4.3.3. If G is a tree and d(-,-) is the graph distance on G, then
Wiest () = 2E, [d(z, X7)] — 2,

where T = inf {t >0: X; & Sn}, and Xy is the simple random walk on G.

Proof. For y ~ z let N,. be the number of transitions from y to z before the
random walk exits S,,. Then

See also [LP, Proposition 2.2] for more details.

Since G is a tree, the net number of crossings of each edge is smaller or equal
to one, i.e.,
B[Ny — N < 1.
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We consider G as a tree rooted at x, and denote by 7, . the shortest path
from x to z. For y # x, write y~ for the parent of y, i.e., the unique neighbour
of y that lies on the shortest path m,,. With this notation we get

Gp(x, Gp(x, z
Y |Gnten) Gnle D) 5 g [N, - )|

y,2ESn d(y) d(z) Y,2ESn
Y~z Y~z
=2 Z Ey [Ny*y - Nyy*]’
YyeSn
y#

where the last equality is due to the antisymmetry of N, — N.,. Let
Cy={2€8,: yem,.}

be the cone of y. The random variable N, -, — N, - is either zero or one, the
latter if the random walk exits .S,, in the cone Cj, hence

Weest(2) =2 > Po[Xp € C,

yeSn
y#T

=22 > BulXr =]

yESn 2z€Cy
yFx

For all z € 05, we have #{y € S, \ {z}: z € Cy} = d(z,z) — 1, therefore

Wiest () = 2 Z P, [XT = z] (d(a:, z) — 1)
2€08,

= 2E, [d(z, X7)] — 2.

O

By Proposition[4.3.2] and [£.3-3]and Corollary one needs an upper bound
for the expected distance to the exit point of a random walk, in order to derive

an inner estimate of the rotor-router cluster.

Using the the trivial upper estimate

E.[d(z,X7)] < max {d(z,w) : w € 85, }

(4.21)
= |z| + [y| + In?/3,

with z = (z,y) and | = %(%)1/3 as in Theorem we can show the
following weak inner bound.
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Theorem 4.3.4. Let R, be the rotor-router cluster of n particles on the
comb. Then, for n > ng and independently of the initial rotor configuration
and the choice of rotor sequence, we have the following inner bound

B, C R,
where

B, = {(fﬁyy) €Cy: |z| < kn'/® — cint/6,

ol <1 (0 = 5) 4 oo — e},

k= (%)2/3 and |l = % (%)1/3 and c1, ca and cg are constants.

Proof. By definition of the odometer function ug

{z € Cy:up(z) > O} C Ry,
and by Proposition together with Proposition |4.3.3] we have for vertices
z = (z,y)

Ur() S () — 2B, [d(=, Xo)] +2

> un(2) = 2(Jz| + |y| + n?/?) + 2,

where the last inequality is due to (4.21]). By Corollary we have a lower
bound of the sandpile odometer u,, for z € S,

FY'IZ(Z) —a< un(z),
where a is a positive constant smaller than 2, and -, is the function defined

in B13).

Thus, to derive an inner bound, it suffices to check for which z = (z,y) € S,
the inequality
(e, y) = 2(|z] + |y + 1n??) > 0 (4.22)

holds. By symmetry it is enough to consider x,y > 0.

We first check inequality (4.22]) on a “tooth” of the comb, that is, for a fixed
x. The function =, is given as

) =5 (v-"2)
’Yn$ay—2y 9 s

where n, is the amount of mass that ends up in the z-“tooth” of the sandpile.
Since z is fixed, we can treat n, as a constant. Hence the right hand side of
(4.22)) is a quadradic polynomial in y with smallest root

k
yz:2+n2$—\/4—|—ln2/3—|—2nm+4x.
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40
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-40
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Figure 4.5: Picture of the inner estimate of R,, in comparison to
sandpile cluster S5,, for n = 1000. The white area is the area
where the inequality is valid, and corresponds to the set
B,, of Theorem The coloring is based on the value of the
right-hand side of .

Substituting n, as calculated in (3.12)), and expansion around n = co gives

1 2 246 1
ymzan/?’——nl/?’x—i—x——i- +\/_:1:+c1n1/3—02$—.
21 3 3 n
Since (z,%) € S,,, we have the bound z < kn'/3, hence
2 2 6
Yo =1 <n1/3 - %) + +3\/_LL‘ —ent/3, (4.23)

for n > ng, and a positive constant c.

To get a bound on the z-axis, we calculate for which z > 0 the inequality
Yy > 0 is satisfied. Since y, is a polynomial of degree 2 in x this is easy to
do, and again by series expansion around n = oo we obtain

z < k-n'?—csn!/?, (4.24)
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for n > ng. The inner bound for R, now follows from (4.24]) together with
(4.23]). O

Figure[4.5|shows the inner estimate of the rotor-router cluster that was proved
in Theorem The estimate could be improved if one had a substantially
better upper bound for E.[d(z, X7)]. For this a good understanding of the
harmonic measure of the set B,, that is, the probability P, [XZ = y], will
probably be essential. We will be investigate the harmonic measure in Chap-

ter Bl

4.4 A Universal Inner Bound for Rotor-Router Ag-
gregation

In this Section a universal inner estimate for rotor-router aggregation is
proved, which relates the rotor-router cluster to a divisible sandpile cluster
with a smaller mass.

Like before, let G be a locally finite directed graph, and p(x,y) the transition
probabilities of the simple random walk on G. Let X; be the trajectory of
the random walk. The neighbourhood relation on G is denoted by = ~ y.
We will think of each edge as a pair of directed edges z — y and y — «.

For a function f: G — R and z ~ y, define

Vi(z,y) = f(y) — f(z).

If s is a function on the directed edges of GG, that is, s : G x G — R, the
divergence of s is defined as

divs(z) = > plz,y)s(z,y).
y~x
Finally the Laplace operator can be written as

Af(x) =div(VF)(z) =D plz,y)fy) — f(2). (4.25)

y~z

As in Section let ug(z) be the odometer function of rotor-router ag-
gregation with n particles starting at a chosen root vertex o. Recall that
ur(z) is the total number of particles that are sent out from vertex z dur-
ing the whole aggregation process. For ease of notation we will also use the

normalized odometer function denoted by uf,(z) = uﬁg).

Let N(z,y) be the number of particles routed along the edge * — y, and
N(z,y) =0 if y is not a neighbour of z. Additionally let

K(l‘ay) = N(xvy) - N(y,:z:)
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The number of edge crossings N (z,y) can be bounded by the odometer func-
tion at x. If y is a neighbour of x, then

ugp(z) —d(x) +1 < ugp(z) +d(z) —1

<
i@y SNy s ey
which can be written as
1 1
! —1+4—<N < 1——. 4.2

Substracting inequalities (4.26)) for a pair of edges © — y and y — x gives

1 1 , 1 1
—2+@+@§VUR(x,y)+K(x,y)§2—@—@.

Thus, for some antisymmetric function R(x,y), with

1 1

|R(x,y)] <2 - m - @,

(4.27)

we have

Vulg(z,y) = —K(z,y) + R(z,y). (4.28)

Using ([4.25)), the Laplacian of the normalized odometer function u/, can be
written in terms of K and R

Nulp(w) = div(Vug)(z) = Y plw,y) Vil (e, y)

1 (4.29)
_ @Z (- K(z,y) + R(z,y)),

y~x
where the last equality is due to (4.28)).

Note that, for each x # o, the number of particles that arrive at x is at most
one more than the number of particles that are sent out from x, hence

ZK(m,y) > —1.
y~T

If x = o, one has to take into account that all n particles start at o, which
gives

ZK(O,y) =n-—1.

y~0

This together with (4.29) implies the following upper bound for the Laplacian
of the odometer function in terms of R

Atly(z) < d(lg» (1-nl_oy) +div R(z). (4.30)
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Now let B be a subset of the vertex set of G which contains the root o, and
=inf{t>0: X; ¢ B}

be the stopping time of the first exit of B.

By telescoping we have

i (x) = Be [up(Xr)] = B [up(Xpar) — wi(Xprar)]
k>0

—ZE A’LLR Xk)]-{k<T}]
k>0

which, by (4.30]), is bigger than

> E, [( Lixi=0y — ()l(k) - diVR(Xk)> 1{k<T}]

k>0

T-1
= nGB ac 0 [ d ] - ZEQ? [diVR(Xk)l{k<T}] .
k=0 k>0

Recall that Gp(x,y) = Ez[zg;ol 1{Xk:y}] is the Green function stopped at
the first exit of B. If we define the function f(x) as

T—1
f(@) =By [ur(X7)] + nGp(z,0) ax ]
k=0
we get the inequality
up(x) = f() > = By [div R(Xe)1geery] (4.31)

k>0

An equivalent relation to (4.31]) has been derived by LEVINE AND PERES in
[LP0Y] in the case of Z%. If one makes use of the antisymmetry of R(x,y),

from ([4.31]) one can derive inequality (4.19)), of Section[4.3] with an additional

small error term.

We can further rewrite the right hand side of (4.31) as:

SR, [div R(Xp)1gery] = O Eq Z d R(Xk, 2)L{k<r)
k>0 k>0 | 2~ X,

- ZE Z Lik<rylix,= y}d ZR (y,2

kZO yEB zNy
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Since X7 ¢ B, we can write the event [k < T N [X;x = y] as [Xxkar = vy
Evaluation of the expectation now gives

= Z Z P, [Xk/\T d(ly Z R 217

k>0yeB zZny
1 1 1
SyEZBGB(fUay)d(y); (2_d(y) - d(z))’

where in the last inequaltity we changed the order of summation and applied
the upper bound (4.27) for |R(z,y)|. Hence

1 1 1
> Eu [divR(Xi)1peny] < Y Gp(a,y) [ <y>‘d<y>;d<z>]

k>0 yeB

T—1 1
_Ezkzzod(Xk)]_Z d(y) Zd

yeB Yy

If we plug this into (4.31])) we get some cancellation, and obtain the following
lower bound for the normalized rotor odometer function

ur(z) > f(x), (4.32)

where the function f(z) is defined as

f(x) = By [ufg(X7)] +nGp(x,0) + 2E,[T] — i) Z i
yeB z~y
yeB Ny

The function E, [u}(Xr)] is harmonic for z € B and, if we set gy(z) =

GB(x’y) 3
“dy o e obtain

1

— =, ify=u
Agy(x) = {0 i)

otherwise,

for z € B. Hence, the Laplacian of f($) for z € B is equal to
~ 1
Af(z) = ) Z " l—o) |- (4.33)

Additionally f () > 0 for z € dB. If we compare this with (3.4), it follows
by the Minimum Principle for superharmonic functions, that f(z) is bigger
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than the odometer function of a divisible sandpile starting with mass n at
the origin, where the depth h(x) of the holes depends on the site and is given
by

hz) = 2d(x) — 3 d(l)

zZ~x
where the set B is chosen as the sandpile cluster of this process. It then
follows from (4.32)) that B is a subset of the rotor-router cluster R(n).

In the special case when G is a regular graph with degree d, we have
h(x) =2d -1,
and (4.33) simplifies to
~ 2d —1 n

which implies the following.

Proposition 4.4.1. Let G be a regular graph with degree d and root vertex
o0, and let R(n) be the rotor-router cluster of n particles starting on the root
o. Further, let S(n) be the divisible sandpile cluster for the mass distribution
to(x) =n-do(x). Then

S(575) C R(n).






Chapter 5

The Harmonic Measure

In this chapter we give an application of rotor-router walks in the calculation
of harmonic measures of random walks, that is, the hitting distribution of a
finite set. While in priciple this approach allows to obtain exact results, as
we will show for a few examples, it is difficult to apply in concrete cases as it
requires exact knowledge of the odometer function of the rotor-router walk,
and at least some insight in the structure of the Abelian sandpile group of the
set under consideration. The connection of the Abelian sandpile group to the
rotor router model has been established in the physics literature; see [PPS98,
PDDKO96]. One can define a group based on the action of a particle which
performs a rotor-walk on the rotor configuration. This rotor-router group is
Abelian and isomorphic to the Abelian sandpile group. This isomporphism
has been proven formally in [LL09]. For a self-contained introduction see the
overview paper of HOLROYD, LEVINE, ET.AL. [HLM™08].

As before, let G be a locally finite, connected graph, and B be a finite subset
of vertices G. Write

81B:{w€B:EIy§ZBWithx~y}

for the inner boundary of B, and we will write B® = B\ 0;B. The vertices
of 0rB will also be called the sink.

Similarly to Definition of Chapter 4l we define the particle addition
operator E,, for each vertex v € B°. For a rotor configuration p, let

EU(IO) = p/>

where p' is the rotor configuration obtained from p by adding a new particle at
vertex v, and letting it perform a rotor-router walk until the particle reaches
a sink vertex in 9;B for the first time.

By the abelian property of rotor-router walks the operators F, commute, and

53
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they can be used to a define an abelian group, see [HLM 08| for details and
[HLM™08, Lemma 3.10] for the proof of the following statement.

Lemma 5.0.2. The particle addition operator E, is a permutation on the
set of acyclic rotor configurations on B°.

The rotor-router group of B° is defined as the subgroup of permutations of
oriented spanning trees rooted at the sink (that is, acyclic rotor configura-
tions) generated by {Ev tv € BO}. For every finite graph B° the rotor-router
group is a finite abelian group, which is isomorphic to the abelian sandpile
group. See again [HLM™08| for details.

Now, consider again the stopping time

T =inf {t>0: X, € ;B}.

Let v,(z) = Py[X7 = 2] be the harmonic measure of B, with starting point
x. If the starting point is the origin o, we will drop the subscript and write
v(z) = vo(2).

The harmonic measure v(z) is important for the outer estimate for both
IDLA and rotor router aggregation. We can use rotor weights as in Section
to calculate the harmonic measure for subsets of the comb, if we use the
harmonic measure itself as the weight function h(z), which is used in
and to define the particle weights Wp(¢) and rotor weights Wg(t). Fix
a vertex z € ;B and define the weight function as

h(z) = hy(x) = vz (2).

Consider the following process. Start with n particles at the origin o, and an
arbitrary acyclic rotor configuration pg. We let the particles perform rotor
walks until they reach a vertex in 9rB for the first time, where they stop.
For each w € 0;B, denote by e(w) the number of particles that are in w at
the end of this procedure. For all w € B, denote by u(w) the normalized
rotor odometer function of this process

Number of particles sent out by z
u(w) = a(w)

Using the invariance of the sum of rotor- and particle-weights under rotor-
router walks, as in (4.17)), we get

nh(o) = Y e(w)h(w) + Wg(end),
wEDr B

which reduces to
nh(o) = e(z) + Wr(end), (5.1)
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since h(w) = vy (2) = 0w (2), if w € OrB.

Since the initial rotor configuration pg is chosen to be acyclic, there exists a
number n such that, after all n particles performed their walks, all rotors in
B° made only full turns, i.e. pg = penq- Hence, n is the order of E, in the
rotor-router group.

Since h is harmonic on B\ 0B, using a n with the above property gives
Wr(end) = 0. This together with (5.1]) leads to the following equation

n-ve(z) = e(2). (5.2)

Hence, the harmonic measure v, is proportional to the number of rotor-router
particles at the vertices of the boundary.

While a number n with the right property is difficult to calculate, we can still
use equation ([5.2)) in order to derive asymptotics of the harmonic measure of
subsets of the comb, and in some cases even to calculate it explicitly.

For this, we consider sets B,,, of the type defined in Theorem For some
positive function 7 : Ny — Ny, define

Bp = {(z,y) €Co: |z| <m,|y| <r(m—|z[)} for meN. (5.3)

By symmetry of the set B,,, it is clear that also e(w) and v(w) are symmetric.
More precisely, if w = (wy, wy) and w' = (Jwgl, |wy|) then

e(w) = e(w') and  v(w) = v(w).
Since e and v are only defined at the boundary 0;B,, we will, for simplicity
of notation, write e(z) = e(z,r(z)) and v(x) = v(x,r(x)). Additionally, like
in the previous section, we will shift the coordinate system by (m,0) such
that the leftmost point of the set B,, has the coordinate (0,0).

Since all rotors make only full turns, the odometer function u(w) is harmonic
outside the origin

Au(w) = {O, w e B\ (9:BU{o}) (5.4)

-n, w=o,

and u(w) = 0, for w € JrB. Solving the Dirichlet problem (/5.4) on the teeth
of the comb, gives for w = (z,y) € By,

u(w) = ulz,y) = e(@) - (r(x) — y). (5.5)
On the z-axis, for © # o, the harmonicity gives
u(z +1,0) + u(x — 1,0) + 2u(z, 1) = 4u(x, 0),
which together with leads to the following recursion for e(x)
e(x+1)r(z+1) +e(@—1)r(z — 1) — 2e(z)(r(z) + 1) = 0. (5.6)
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Example 5.0.3. As a first example where one can calculate the harmonic
measure explicitly, consider the function r(x) = x2, and its associated set By,

as defined in (5.3). From (5.6) we get the recursion
e(z+1)(z+1)*+e(x—1)(z —1)% = 2e(z)(2* +1) =0,

for m > x > 0. Using the special structure of the set By, it is easy to get
initial values for the sequence e(x). Since r(0) =0 and r(1) = 1, the vertex
w = (1,0) has three of its neighbours, namely (0,0), (1,1) and (1,—1) on
the boundary of B,,. By construction, the rotor at w makes a number of full
turns, hence all of these three points receive an equal number of particles from
w. This means that e(0) = e(1).

By induction, it is easy to see that the sequence e(x) is constant. Assuming
e(x — 1) = e(x), the above recursion reduces to

e(z+ 1) (z+1)2 —e(z)(z+1)? =0.
Since (z +1)% > 0 for all positive x, this implies that e(z + 1) = e(z).
As e(x) is by construction proportional to the harmonic measure, we get the
following.
Lemma 5.0.4. Let r(x) = 2% and B,, C Cy with
By ={(z,y) €Co: |z] <m,|y| <r(m—1x)} formeN.
Then, for all m > 0, the harmonic measure vy is the uniform measure on

O0rBp,.

Example 5.0.5. A second example where the harmonic measure can be de-
duced explicitly is the case of a box with

r, x>0
r(z) =
{07 xz = 0.

Since the vertez (0,0) receives all its particles from vertex (1,0), the number
of stopped particles in (0,0) is the normalized odometer function in (1,0)

e(0) = u(1,0) =e(1) - r(1).
Equation (5.6 with x =1 gives

e(2) = 2¢(1)" j L (5.7)

and, for x > 1, we get as the general solution of the linear recursion

o(z) = (r+1—\/m>‘”_cl+<r+1+r\/m>

x
- Co.
r
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From equation (5.7)) we deduce ca = —c1. This gives for the harmonic mea-
sure

@) KL M)x_(ﬂ; Mﬂ ¢, for0<z<m
v(x) =
2+/2r 4 1ec, forx =0,
where ¢ is a positive constant depending on the width m and height r of the

bozx.

Much more interesting is in our context the harmonic measure of the fully

2
symmetric rotor router clusters of Theorem |4.2.11 Since r(x) = {MJ in

3
that case, we have to solve a linear recurrence with non-polynomial coefhi-

cients. While an explicit answer is not feasible, we can derive asymptotics of
the solution, by converting the recurrence into an equvialent system of linear
differential equations. The next section gives a short overview of singularity
analysis for linear differential equations, which can be used to compute such
asympotics.

5.1 Singularity Analysis of Linear Differential Equa-
tions

In this section we are interested in the asympotics of the coefficients of an-
alytic solutions of ordinary linear differential equations. The presentation
follows the book of FLAJOLET AND SEDGEWICK [FS09].

Let f(2) = ,>0 fnz" be a formal power series, then we denote by [2"] the
coefficient extraction operator, with definition

[2"]f(2) = fn.
Consider a ordinary linear differential equation of the form
T r—1
) g S+ e g S+ kGG =0, (58)

where all coefficients ¢;(z) are analytic in a simply connected domain Q. By
classical theory, singularities of the solutions of this ODE can only occur at
roots £ of the leading coefficient c¢g.

From now on we will work with normalized differential equations

or ar—l
52+ (D)5 f@) + o+ de(2)f(2) = 0, (5.9)

with d;(z) = Ef) Ez; The d;(z) are meromorphic functions in the domain €,

and we define we(j) to be the order of the pole of d; at the point .
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Definition 5.1.1.

o The differential equation (5.9) has a singular point at £, if there exists
an indexr 1 < i <7r with

a)g(i) > 0.

o A singularity £ is called regular, if

we(1) <1, we(2) <2, ..., we(r) <

Definition 5.1.2. For an ODE of the form (5.9) and a regular singularity
&, the indicial polynomial I¢(6) is defined as

I(0) = 0"+ 61071 + - - + 6,

where 0; = lim, _¢(z — €)7d;(2) and 6L = 0(6 — 1) --- (0 — I + 1) denotes the
lower factorial.

We have now collected all preliminaries to be able to state the theorem. For
more details see once more FLAJOLET AND SEDGEWICK [FS09, Theorem
VII.10].

Theorem 5.1.3 (Coefficient asympototics for linear ODE). Let f(z) be an-
alytic at 0 and satisfy an ODE of the form , where the coefficients d;j(z)
are analytic in 0 < |z| < p1, except for a pole at some & with 0 < |£] < p1. If§
is a regular singular point and no two roots of the indicial equation I¢(0) =0
differ by an integer, then there exist constants A1,..., . € Co such that, for
all po with |£] < po < p1, we have

[2"1£(2) = > 8;8,(n) + O(py ™).
j=1

The Aj(n) are of the asymptotic form

n—0i—1

Aj(n) ~ @5_"

11-]
k

=1

where 0; are the roots of the indicial equation I¢(6) = 0.

Note that the d;(z) can have a singularity of any kind at 0, (see Note VII.47
in [FS09)).
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Remark 5.1.4. We will not be able to apply Theorem [5.1.3 directly in the
case which is of interest for us, because the requirement that the indicial
equation has no two roots that differ by an integer will not be satisfied. In
this case one gets additional logarithmic terms and the Aj(n) are asymptotic
of the form

£ nPlog'n, (5.10)

where £ is a regular singular point, B is a algebraic number satisfying

and | is an integer. For more details see [FS09, page 521].

5.2 Harmonic Measure of B,,

We can now state the result about the harmonic measure of the set B,
from Theorem Using the notation introduced at the beginning of this
Chapter, we have the following.

Lemma 5.2.1. Let r(x) = L@J and By, C Cy with

By ={(z,y) €Ca: |z] <m,|y| <r(m—ax)} formeN.

Then for, allm > 0, the harmonic measure v,(x) of the set By, is proportional
to e(|z|), where e(z) ~ ¢z for a constant ¢, with 0 < ¢ < 3.

Proof. To prove that e(x) grows at most linearly, we use the substitution
é(x) = @ for z > 0, which transforms the recursion ({5.6]) into

é(z—1)(z—Dr(z—1)+eé(z+1)(z+1)r(z+1)—2&(x)z(r(z)+1) = 0. (5.11)

The sequence é(x) converges if and only if e(x) grows at most linearly. Since
e(x) is positive by construction, it suffices to prove that é(x) is decreasing.

Consider the function r'(x) = % — 1. We have three cases
r'(x), =0 mod3
r(z) = ¢ r'(x), z=1 mod 3

r'(z) + %, x=2 mod3

We prove the monotonicity of é(z) by induction. Assuming é(z) < é(z — 1)
for x = 0 mod 3 we show that é(z + 3) < é(z +2) < é(z + 1) < é(x).
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The basis of the induction follows by calculating the first few elements of the
sequence.

Case (i): Assume x = 0 mod 3 and é(z) < é(z — 1). In this case the
recursion (5.11) can be written as

e+ 1)(z+)r'(@+1) =28(@)z(r'(z)+1) —é(x —1)(x—1) (r(z = 1) + §)
Using the induction hypothesis we get

é(x +1) < fo(x) - é(z), (5.12)

with

B ) e D)+ ]
0 = (x+1Dr'(z+1) .

Using the definition of 7/(z), this simplifies to

= 22+ 2z
folz) = 221
which proves é(z + 1) < é(z).
Case (ii): Assume z = 1 mod 3 and case (i) for x — 1. Similarly to the
previous case rewrite ([5.11)) as
e+ 1)(z+1)(r'(@+1)+3) =28(@)z(r'(z) +1) —é(z — 1) (z — 1)r'(z - 1),

which, by (5.12)) gives

é(z+1) < fi(z) - é(z), (5.13)
for
Fu(a) = 22(r'(z) + 1) = fo(z — 1) Mo — 1)r'(z — 1)
(z+ 1)(7"(1’ +1)+ %)
2 + 3z

= — <1
2243z +2

Case (i1): Finally, assuming = 2 mod 3 and case (ii) for z — 1, we get the
recursion

éxz+1)(z+)r'(z+1) =28(x)z(r'(z) + 3) — é(z — 1)(z — 1)r'(z — 1).
Applying (5.13), gives the inequality

é(z+1) < fax) - é(z), (5.14)
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for the function
Fo(e) = 20(r' () + 2) = filzx = 1) Mo — D)r'(z — 1)
AF) = @+ 1) (z+1)
2 T 1T+ 1T _
ot T3+ 1T22 + 1T+ 6

This shows that é(x) is decreasing and therefore convergent, which also means
that e(x), the number of particles that stop at vertex (x, r(z)) of the boundary
of By, is asymptotically at most ~ c¢-z. That ¢ < 3 follows since &(z) < %

for all x > 20.

To show that ¢ > 0, that is, e(x) is at least growing linearly, we can use
singularity analysis of linear differential equations. For this we split the e(x)
into three sequences modulo 3, i.e., for k£ € N write

eo(k) = e(3k)
e1(k) =e(3k+1)
ea(k) = e(3k + 2).

As in the previous part of the proof, we can rewrite (5.11]) for each congruence
class of x mod 3 in terms of k. This leads to a system of linear recursions
with polynomial coefficients for the sequences e;(k)

(3k% + 2k)eo(k) + (3k* — 2k)ey (k — 1) — (6k? + 2)ea(k — 1) =0
(6k? + 4k + 2)eg(k) — (3k* + 4k + 1)er (k) — 3k%ea(k —1) =0
(3k% 4 2k)eg (k) — (6k* + 8k + 4)e1 (k) + (3k* + 6k + 3)ea(k) = 0.

This can be written in matrix form as
Ag-é(k—1) = By - e(k). (5.15)

Here €(k) denotes the vector (eo(k), e1(k), Gg(k))t, and the matrices Ay and
By, are given as

0 3k%2—2k —6k%2—2

A, =10 0 3k2
0 0 0
and
—3k2 — 2k 0 0
B, = |6k>+4k+2 —3k?—4k—1 0

3k2+2k  —6k2—8k—4 3k%2+6k+3

e e . — . 4\t
The initial values are given by €(0) = (1,1, 3)".
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Denote by Ei(z) = 15 ei(k)z* the generating function of e;(k). The recur-
sion (5.15)) can be transformed into a system of linear differential equations
for the generating functions E;(k), using the identities

Z kei(k)z* = Z%Ei(z),

Z k2e; (k)2 = z2a—2E-(z) + ng-(z)
Pt ‘ 022" 0z "

This leads to the following differential equation
C-E(z)=b, (5.16)

where E(z) = (Eo(z), E1(2), Eg(z))t, and C' is a matrix of linear differential

operators given as

5a+3 i 1+7 8+3 & 8 —18 o 622 82
— —_— z— 22— —8 —18z2— — 62—
0z 0z2 0z 022 0z 0z2
o 0 0?2 0 0?2 o 0?2
C = _2_10267_6?:? 1+7za—+3zﬁ 32-i-9z8 +32ﬁ
2] 0?2 o} 0?2 o} 0?2
5za—+3zﬁ _4_14232_62@ 3+926—+3zﬁ

The righthand side vector b is equal to

To solve asymptotically, we consider C' as a matrix with entries in the
Weyl algebra, that is, the noncommutative ring of linear differential opera-
tors with polynomial coefficients, see [Lam91]. We can perform a division-free
Gauss elimination over this ring to transform C' into row echelon form, which
gives a single differential equation only involving Fs(z). The actual com-
putations were performed using the computer algebra system FriCAﬂ The

"mttp://fricas.sourceforge.net
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result is a differential equation of order 7 for Ea(z).

81 5.6 07
§(2+2)(z—1) 2o

1269 76
+T(Z _ 1)425 ( 2

437 3059 3059
127725 50039 82401 132307 38554

—+ -(zfl)Q-ZS-(z‘lf 25— 22 z—
8 42575 42575 42575 42575
5 100697 1164 36215 5651 6234
+31785(z — 1)z (z‘) — 24— 23 22— i ——
42380 10595 8476 1630 10595

27531 24 7149 3826 5
+T(z —1)32* (23 -2 4 )

S5

+23970z - (ZG —

117579 5 114057 , 15053 5 208329 , n 59229 1243) 2
z z z° — z z——— | —=
31960 31960 6392 31960 15980 3995 ) 022
1354 1843 4479 12209 1466 32 o}
+4935 (z6 S T s T 2 —) —
329 329 3290 3290 329 329 ) 0z
494 881 201 4411 1006
4105 (2% — 2t 4 T3 - o2y Ty =0
105 105 70 210 105
(5.17)

Using singularity analysis for linear differential equations, as described in7the
previous Section, we can derive asympotics of ea(k). The coefficient of % is

given by
81

8

hence the dominant non-zero singularity £ is equal to 1. Since all coefficients
in (5.17) are given in factorized from, it is immediate that £ is a regular
singularity. Calculating the indicial polynomial for the singularity & gives

(z+2)(z — 1)°25,

Ie(0) = 07 — 1765 + 996° — 1876* — 2200 + 10446% — 7200.

The roots of I¢(#) are —2,0,1,3,4,5 and 6, hence by Remark we might
have logarithmic terms in the asympotics. By the asymptotics of ex(k)
is given by

ea(k) ~c- & *EP logl k,

where [ is an integer and b is a biggest solution of the equation I(—35—1) = 0.
In our case B =1, and we have

ea(k) ~ ¢ klogk.

While it is not known how to calculate the constant [ in the general case,
from the first part of the proof we already know that ey(k) grows at most
linearly, hence [ = 0. O






Chapter 6

Internal Diffusion Limited
Aggregation on the Comb

This chapter is devoted to the proof of Theorem The proof uses ideas of
LAWLER, BRAMSON AND GRIFFEATH [LBG92] and of LEVINE AND PERES
[LPT10].

For each n > 0, denote by B,, the subset of the comb given by

B Clal (N s
B, = (m,y)GCQ.?—l— T <n ,

where the constants k and [ are given by k = (%)2/3 and [ = % (%)1/3.

Let {X/};en be a sequence of independent simple random walks on the comb,
with common starting point X§ = o, and A,, be the IDLA-cluster of n parti-
cles, as defined in Definition Following [LBG92], let us introduce some
stopping times and random variables. Define

O'i = min{t >0: th ¢ Al',l},

which represents the time it takes the i-th particle to leave the occupied
cluster A;_1, and, for z € B,,

i =min{t > 0: X} = 2}

denotes the time of the first visit of the i-th walk to vertex z. The first exit
time of the set B, is given by

i =min{t > 0: X; ¢ B,}.

We want to find an upper bound for the probability that a vertex z € B,
does not belong to the IDLA cluster A,, which can be written in terms of

65
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the stopping times defined above as

Plz ¢ Ayl =P | (o' <7

i<n

By the Borel-Cantelli Lemma

Y Y Plz¢ Ay < oo, (6.1)

n>ng z€B, (1)

is a sufficient condition for proving Theorem Now fix n and z € B,
and consider the random variables

n n
N=D Loy and M=3 1pioy),
i=1 i=1
where N represents the number of particles that visit z before leaving the
cluster, and M counts the number of particles that visit z before leaving B,.
Let
n
L= L)
i=1
be the number of particles that visit z after leaving the cluster A;, but before
leaving B,,.

Remark that if L < M, then z belongs to the occupied cluster A,,. Moreover
N > M — L. Therefore, in order to estimate the probability that z does not
belong to the cluster A,,, we just need to bound the probability that M = L.
For any fixed number a

Plz ¢ Ay = P[N = 0] < P[M — L = 0]

<PM <aor L>a] <PM <a]+P[L>al. (6.2)

We will show that for a suitable choice of a, the probabilities P[M < a] and
P[L > a] can be made small enough such that the series in (6.1)) converges,
which implies the inner bound of A,, in Theorem [2.2.7]

The derivation of a suitable value of a needs to be done in a different way,
not as in the case of Euclidean lattices, studied by LAWLER, BRAMSON AND
GRIFFEATH in [LBG92], or LEVINE AND PERES [LP10]. They used classical
Green kernel asymptotics available on Z¢, for d > 3 (see LAWLER [Law91]),
and asympotics for the recurrent potential kernel (see SPITZER [Spi76]) in
the case of d = 2. Such estimates are not available on Cy, but one can use
the odometer function for the divisible sandpile which we derived in Chapter
in order to get enough information about the simple random walk on the
comb, and to give good approximations for the Green function stopped at
B,,, at least for some special cases.
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Recall that G,(y,z) = Gg, (y,2) is the Green function stopped on the set
B,,. The random variable M is a sum of i.i.d. indicator variables, with

Gn(o,2)

E[M] = nP,[1, < ) = nm

(6.3)
The random variable L is not as easy to estimate directly because it is a sum
of indicator random variables which are neither independent nor indentically
distributed. Following, [LBG92|, we can bound L by a sum of independent
indicator random variables as follows. Only those indices ¢ with Xgi e B,
contribute to L and, for each y € B,, there is at most one index ¢ with
X;i = y. The corresponding post-7, random walks are independent. In
order to avoid dependencies in L, enlarge the index set to all of B, and

define
F_ y
L= 1 .
yEBn

where the indicators 1¥ correspond to independent post 7, random walks
starting at y. Then L < L, and the expectation of L is given by

BlE) = 3 Byfr. < ] = Gn(lzz) S Guly,2). (6.4)

yGBn yeBn
Now (/6.2) can be rewritten as

Plz ¢ A,] <P[M < a] +P[L > a]. (6.5)

Next we relate the random variables L and M with the odometer function of
the divisible sandpile. Consider the function f, : B, — R, given as

fulz) = GZZ((ZZ’)Z)E[M — 1) (6.6)
Using (63) and (64), we have
) = S5 (bl <) - >Rl <)
= d(lz)g‘;n (n-doy) — 1) Gy, ),

where o = (0,0) is the origin of Co. By reversibility of the simple random
walk on Cso, we have that
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and the Laplacian of the function h;(y) = G’C}g;y), for a fixed z, is given by
Gulwy) _[ge i
Wl -, ifx =y
Ahg(y) = AT)y —{ d) .
y 0, ifx#y

Therefore, by linearity, the Laplacian of f, is equal to

Afn(z) = d(lz)(l —n-6,(2)), for z € By,.

Thus f, solves the following Dirichlet problem

Afn(z) = d(lz)(l—n-éo(z)), for z € B,
fn(2) =0, for z € 9B,

WithaBn:{xEG:Elywq:andyGBn}.

Recall that the divisible sandpile odometer function u, with initial mass
distribution pg = n - J, solves the same Dirichlet problem on the set S, of
fully occupied sites (see page , which is described in Theorem Since
the solution of a Dirichlet problem is unique, it follows that f, = w, on the
set B,,, and w,, is approximated (up to an additive constant) by the function
~n defined in . Since u, > 0, it follows that f,(z) > 0, for all z € B,
and E[M — L] > 0, that is, E[M] > E[L].

We will use the following large deviations estimate for sums of independent
indicators. For a proof, see SPENCER [AS92, Cor. A.14].

Lemma 6.0.2. If N is a sum of finitely many independent indicator random
variables, then for all A > 0,

P[|N — E[N]| > AE[N]] < 2e~EN],

where cy is a constant depending only on .

In order to find an upper bound for the right-hand side of (6.5) we use the
previous Lemma and choose A > 0 such that

(1+ME[L] <a < (1 - NE[M], (6.7)

for some a. Such a A has to satisfy the relation

E[M — L]

0< A< .
[M + L]



6.1. THE FUNCTION Gy 69

Define a function g, as
gn(2) = — ——E[M + L], (6.9)

then from and we have

fn(z) _ E[M — f’]
gn(2)  E[M+1I)] (6.10)

Since we need a A which satisfies , it suffices to find the maximal subset
of B,, on which the quotient f,(z)/gn(2) is bounded away from 0. For this,
we prove that the function g, solves a Dirichlet problem, and we determine
explicitely the unique solution.

6.1 The function g,

In this section we compute the function g,. By (6.3)) and (6.4]) the discrete
Laplacian of g, is equal to

Agn(z) = d(lz)( “1-n-6,(2)), forzeB,, (6.11)

and g,(z) = 0 for all z € 9B,,. Therefore, g, is the unique solution of the
Dirichlet problem (6.11]).

For simplicity, we first shift the set B, defined in (2.3) by kn'/? on the z-
coordinate. This shifted set will be denoted by B, which is the set of all

n?

(z,y) € Cy which satisfy the following three relations

0<x< 2knt/3

and
22
ygg, forOSxﬁkn1/3,
2knl/3 — )2
y < @hn 7" = 2)° for kn'/? < z < 2kn'/3.

3 )
By this translation, we move the center (0,0) of the set B, to (kn'/3,0) and
the left and right corners of Bf, are (0,0) and (2kn'/3,0), respectively.
With the shifted set B, we can associate the function ¢!, : Bf, — R, by

1/3

9o (z,y) = gn(z + kn'/?,y), (6.12)
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which solves the same Dirichlet problem (6.11)) on the set B!, with the origin
o moved to the point (knl/ 3.0). By symmetry of g, it is enough to compute
gt (2) for z = (x,y) € B, with 0 <z < kn'/3 and y > 0.

For z = (z,y) € B!, with y # 0, the Laplacian Agl (z) is equal to —1/2,
hence on each “tooth” of the comb, g%, satisfies the linear recursion

20,,(x,y) = gp(z + L,y) + gn (e, y — 1) + 1,
which has the general solution

1

gn(@,y) = 5y = v*) + a1 (@) + yeo(w), (6.13)

where ¢1(z) and co(z) are functions of x, which will be determined in the
following. For points (z,0), (x,1) € Ce, we have

gh(@,0) = er(w) and gh(w,1) = e1 () + (). (6.14)

From (6.11)) we get the following boundary conditions
9n(0,0) =0,
gk (2kn!/3,0) = 0
and for 0 < z < knl/3
gn(x,2%/3) = 0.
On the other hand, from equation (6.13)), we get

2 2 1,2

dh(e.a?/3) = 5 (1= 5 ) +erl@) + Feala) = 0,

which implies that the function cy(z) can be written as

22
cox) = %(3 - 1) — %cl(a:). (6.15)

Moreover, on the x-axes the Laplace operator of g!, satisfies

1

Agy(@,0) = 5 (9 (x = 1,0) + g (¢ + 1,0) + 265w, 1)) = g (,0)
B _%’ if v £ knl/3 (6.16)
T —im+1), ifa=knl/3

For = # knl/3, that is, in case that the vertex (z,0) is not the center point
of the set B, we have

gfl(:n +1,0) = 492(:&0) — gfl(:n -1,0) — 2gfl(:n, 1)—1
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and using (/6.14]) we obtain the first relation between the functions ¢ (z) and
c2(x), namely

c(x+1)=2c(z) —c(r—1) — 2c2(z) — 1
Plugging ca(x), as obtained in (6.15)), into the previous relation we obtain a

new recursion for the function ¢,

2

?)
which can be explicitely solved and the solution is a polynomial of degree 4,
given by

ci(x+1)= <2+ %)cl(:c) —ci(z—1)—

1 1
c(z) = —Eafl + ba® — %:ﬁ, (6.17)

where b is a free parameter which can be computed using the other boundary
conditions for g. Since Agt(kn'/3,0) = —%(n + 1), using equations ((6.14]),
(6-15)), (6.16)), and (6.17), we obtain

5K +2Tn

~18(1+ 3K?2)’

where K = kn'/3, and the constant k = (%)2/3 is the same as in Theorem

Since we are interested in the form of g%, for n sufficiently large, we
use the expansion for b around n = oo

1
b(n) = n'* + 0%,

and we get the following expression for g (z),

1
gh(@.y) = (Zn'/? + 0™ (* — 3y)
1

36

Finally, we need to shift the coordinate system back, which gives

+ —(3y — 18y% — 22% — 2% + 122%y).

gn(2,y) = gt (kn'/3 — |2|, |y]).

6.2 Proof of the inner bound

Recall that for n big enough, we search for subsets of B,, on which the in-
equality ~
EM - L
0< A< [7~]
E[M + L]
is satisfied, where ) is a constant that is independent of the number of par-
ticles n.
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10

Figure 6.1: Plot of g, for n = 1000, with superimposed B,, con-
tour lines.

Lemma 6.2.1. For all € > 0 there exists an ne such that, for all n > n. and
all z € Bn(l—a)7

Proof. By ((6.10]) one needs to study the function A, (z,y) = %. We have
ng )2
(v—%)
2¢1(z) + (2c2(z) + 1)y — 32’

where ¢1(z), co(x) and n, are defined in (6.17]), (6.15) and (3.12)). For every
fixed = € By, the function A, (z,y) is decreasing if 0 <y < &,

From the proof of Theorem [2.2.2| (see (3.17])) we already know that

%x .y <n1/3 _ %)2 +0(1). (6.18)

An(,y) =

For 0 < € < 1 consider the set

Bne = {(x,y) €Cy: |z < (1 —e)kn/? and

ol < (1= (2 - "Z') }
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Obviously B, . C B, for all ¢, hence g—z is well defined on this set. Further-

more by (6.18)), —Z is also decreasing on B,, . as a function of y, for all e > 0

fn

and n big enough. This means that it is enough to study o at the inner

boundary of B, ..

2
Let z = (z,y) € Bpe with |y| = (1 —¢)l <n1/3 - %‘) be such a boundary
point. Then one can calculate the limit

. fal2) € €
| = —.
nLH;o gn(z) 4 —¢ = 4

The lemma follows from the fact that for each € > 0 one can find an € > 0
such that Bn(l—s) C By [

With this in hand, we are now ready to prove Theorem

Proof. Recall that we need to show the convergence of the series (6.1). We
already established in (6.5)) that

Plz ¢ A,] <P[M < a] +P[L > a,

where a has the property (6.7). By Lemma set A = 7 > 0, then by
(6.7) we can choose

= (1+ NEL] = (1+ 3 )E[L.

For this choice of the constant a apply Lemma to M and L. Recall also
that E[M] > E[L]. Then

P[M < a] +P[L > d] :]P[M < (1+Z)E[i}} +P[i > (1+ 4)E[L]]
<2exp{ e E[L }+2exp{ e E[L }

= 4exp{—c>\d(z)M}

gn(2) — fn(z)}
A Gn(z,2) ’

where c), is a constant only depending on \. Hence, for all n > n., we have

Z Z [z ¢ Ay <4Z Z exp{ (Cji(_z,zl)(Z)}’ (6.19)

n>ne 2€8,(1-¢) n>ne z€8,(1_¢)

< 4exp{—c

and we have to prove that the series on the right hand-side converges. In
order to find an upper bound for the stopped Green function G(z,z) upon
exiting B, with z = (z,y), note that

9l < bute) = 1(n? = )



74 Chapter 6. IDLA ON THE COMB

An upper bound for G,,(z, z) is two times the stopped Green function G 4(y, y)
for the simple random walk on the integer line upon leaving the finite sym-
metric interval A = [ — b,(z),bn(z)]. Using Proposition 1.6.3 and Theorem
1.6.4 from LAWLER [Law91], this can be estimated from above by

12(n1/3 . Iikl)4 o y2

z[\2
(=)

< z(n1/3 - |l“:)2 (6.20)

Galy,y) <
For every ¢ > 0, the function g, (2) — f,(z) is again decreasing on every non-
crossing path which starts at o and which is restricted to By,;_.). Hence, it
attains its minium on the inner boundary of B,,(;_.). Taking limits, we get
for every sequence z, = (v, y,) with z fixed and z, € 91B,1_¢)

(2n) = falzn) K

. 9n _ Ry
nh—{{olo n4/3 4 <2 {5)5,

and for the sequence 2/, = (z,,,0) with z,, = kn'/3(1 — £)1/?

Jim gn(zglz/gn(z,’@) = 2(3 —2 — (e - 3)(1 —¢)1/?).

Hence for all € > 0 and n big enough

min (gn(z) - fn(z)) >C. - n4/3,
2€Bp(1-¢)

for a constant C. which depends only on . Since, by (6.20) the stopped
Green function G 4(z, z) is of order O(n?/3), this implies

min M > Cé-n2/3.
2€B,i1-c) Gn(z,2)

Hence with (6.19) we get
Z Z P[Z¢A]§4Z Z exp{—cA min g”(Gz)_f”(Z)}
nzne 2€8y(1—¢) n>ne 2€B, 1. 2€B,q_o)  Gn(z,2)
<4 Z nexp{—e\Cin*?} < oo,
n>ne

which proves the inner bound

P[Bn(l_a) C Ay, for all n > ns] =1.



Chapter 7

IDLA on Nonamenable
Graphs

In this chapter we are again interested in the shape of IDLA-clusters. We will
show that, if the underlying random walk is highly transient and if it satisfies
some additional regularity conditions, the limiting shape of the IDLA-clusters
does not depent on the local geometry of the graph G, but only on the
structure of the Green function. This is an extension of a result of BLACHERE
AND BROFFERIO [BBOT].

7.1 Random Walks on Nonamenable Graphs

First, we will define what we understand by a random walk on a nonamenable
graph. For this we need some new terminology in addition to the notions al-
ready introduced in Section[2.1] We follow again the book of WoEss [Woe(0].

The spectral radius is defined as
p(P) = limsup p'*) (x, y)
t—o0
and is independent of =,y € G, because of irreducibility. It is known that

p(z,z) < p(P), for all z € G. (7.1)

For a random walk X, let 7, be the first hitting time of the point y:
Ty, =inf{t >0: X; =y},

with the convention 7, = oo, if the random walk never visits . The hitting
probability of y, for a random walk starting in x, is denoted by

F(z,y) =P [1, < o0]. (7.2)

75
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A simple calculation shows

G(z,y) = F(z,y)G(y,y).
Definition 7.1.1. A random walk is called uniformly irreducible, if there are

constants €9 > 0 and T < oo, such that

z ~ 1y implies p'*) (x,y) > o, for somet <T.

Definition 7.1.2. A Markov chain (G, P) is called reversible, if there exists
a measure m : G — (0,00), such that

m(z)p(z,y) = m(y)p(y,x), for allz,y € G.
If m is bounded, i.e., there exists a C € (0,00), such that
C~t<m(z) <C, foralze X, (7.3)
then the Markov chain is called strongly reversible.

Remark 7.1.3. The simple random walk is strongly reversible if and only if
the vertex degree of G is bounded. In that case it is also uniformly irreducible.

The following inequality from [Woe00, Lemma 8.1] gives us a generalization
of (7.1)) for arbitrary t¢-step transition probabilities in the case of strongly
reversible Markov chains.

Lemma 7.1.4. If (G, P) is strongly reversible then p®) (z,y) < Cp(P)*, with
C as in Definition[7.1.9

The next two propositions give a characterization of uniformly irreducible
random walks in terms of the the hitting probability F', defined in ([7.2)).

Proposition 7.1.5. If (G, P) is uniformly irreducible, then there exists g >
0 such that, for all neighbours x ~ y

F(ﬂl’,y) > €0-

Proof. Recall from Definition that there exist eg > 0 and ¢ < T such
that

g0 < p(t)(m,y) =P [ Xy =y] <P 1y < o0] = F(z,y).
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The converse is not true in general and it is easy to construct counterexam-
ples. Using some additional assumptions we can show the following result.

Proposition 7.1.6. Let (G, P) be a strongly reversible random walk with
p(P) < 1, and such that there exists a constant g > 0, such that F(x,y) > o,
for all neighbours x ~ y € G. Then the random walk is uniformly irreducible.

Proof. Suppose that the random walk is not uniformly irreducible. This
means that for all § > 0 and for all T € N, there exist neighbouring points
x5 ~ Y5 such that, for all ¢t <T': p(t)(:c(;,T, ysT) < 0.

So for every T' € N, we can construct two sequences {z; 1 }ien and {y; 1 }ien,
with z; 7 ~ y; 7 and

1
p(t) (i yir) < =, forall t <T. (7.4)
1

For ¢ = 0 this implies z; 7 # y; 7.

Lemma[7.1.4] gives a second bound for the t-step transition probabilities

P (zir, yir) < Cp(P). (7.5)

Define T; = L— iﬁ(;(ggJ and two sequences {z; };eny and {y; }ien by

ri =z, and Yy =yiT,.

Using ([7.4) and ([7.5)) we have the following upper bound of the transition
probabilities

L for t <T;
PO (@i y) <8 (7.6)
Cp(P)', fort>T,.
Now we look at the Green function
G (i, yi) = F(24,9:)G(yi, ¥i) > F (@i, yi) > o (7.7)

But, on the other hand, using ([7.6)

T; [e'e)
1
G(xlay’b) :Zp(t xlayz SZ; +C Z
t=1 t:Ti—Q—l

_i'lnp(P) 1—p(P)

This goes to 0 for i — oo, because T; goes to infinity and p(P) < 1, and
gives a contradiction to the lower bound of the Green function in equation

@D. O
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For a subset K C X set Op(X) = {(2,y) €G?*: 2 ~y,x € K, y ¢ K}. The
edge-isoperimetric constant of G is defined as

tp(X) = 1nf{|8|§(l‘(| : K C G finite, K # @} .

A Graph G is called amenable if 1gp(z) = 0 and non-amenable if tg(x) > 0.
The following relation between amenability and the spectral radius of simple
random walk is well known [Dod84] [DKS86]. See [Woe(0, Theorem 10.3] for
the proof of a more general version of this theorem.

Theorem 7.1.7. Let P be the transition operator of the simple random walk
on G. Then G is non-amenable if and only if p(P) < 1.

The following theorem (see [WoeO0, Theorem 10.3]) will be needed later. For
a reversible Markov chain we define the real Hilbert space ¢?(G, m) with inner
product

(f,9) = f(@)g(x)m(x).

zeG

Theorem 7.1.8. The following statements are equivalent for reversible Markov
chains (G, P).

(a) The spectral radius p(P) is strictly smaller than 1.

(b) The Green function defines a bounded linear operator G on £2(G,m) by

Gf(z) =) Gz, y)f(y).

yeG

From now on we only consider Markov chains (G, P) that are uniformly
irreducible, strongly reversible and have p(P) < 1. See NAGNIBEDA AND
WoEss [NWO02] for a class of graphs which have these properties. In this
setting we can follow [BB07] and define the “hitting distance”. For all z,y € G
let

dy(z,y) = —In F(z,vy).

If G is the Cayley graph of a finitely generated group, and P a symmetric
left invariant random walk on GG then dy is a left invariant metric on G, see
[BBOT]. For arbitrary graphs this does not hold anymore, but we can still use
dy to define balls of radius Kn, where K = —Ineg (with £ as in Definition
7.1.1))

B,(z)={z€ G: dy(z,z) < Kn},
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and its boundaries as

0B, (z) ={y & Bp(x): Iz~yANzeB,(z)}.

The constant K is needed in the definition of the balls to ensure that the
balls with radius n and n + 1 are properly nested, i.e.,

0B, (z) C Bpt1(z). (7.8)

Indeed, let y € 0B,,(z) and z € B, (z) such that y ~ z. Then
dir(a,y) = —n F(z,y) < — 0 F(z, 2)F(2,y) = d(z, 2) —In F(z,)
<Kn-—Ingy=K(n+1).
This implies that y € Bp41(z).

Proposition 7.1.9. The balls B,,(z) are finite.

Proof. 1t suffices to show that

lim F(z,y,) =0.

n—oo

for all sequences {y, }nen which only contain distinct elements. The functions
{es}weq with e,(2) = d,(2)m(z)~1/? form an orthonormal basis of £2(G,m).
By Theorem the Green function defines a bounded linear operator G,
hence its adjoint G* is also a bounded linear operator. By Bessel’s inequality

> ey, Grea)? < [|Geall?,

n>0

for all x € G. Therefore (Gey,,e,) = (ey,,G"ez) — 0, for n — co. Because
of

m(x)
Ge y€x) = G X, Yn )
and by strong reversibility
C—l < m(x) <C
~\mlye) T
this is equivalent to G(x,y,) — 0. Since
G(:c,yn)
meyn :7§Gx7yn7
(@, yn) Gl ) (@, yn)

the finiteness of B, (z) follows. O
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To simplify the notation we write B,, = B, (0) and 9B,, = B, (0). Denote by
V(n) the size of the ball of radius n

Vi(n) = Bl

Proposition 7.1.10. For all finite subsets A C G the following estimates
hold

S F(x,y) < T ¢, 4] (7.9)
€A
Y F(z,y) < J-c, A, (7.10)
yeA

with ¢, = —In p(P) and some constant J > 0, which does not depend on A.

Proof. We have
DY) < Ga,y).
Therefore, using the estimate of Lemma we can write

Y Py <> D pD@y) =) p(xy)

z€A zeA t=0 t=0 z€A

< X S X o)

¢yt njA|z€A >c, ' In|A| z€A

—

For M = sup {:Z(x

W m,yeX} we get

~

Z F(z,y) <M - 0;1 In|A| + C|A| e Cldt

=y C;l In|A|

_ -1 -1
=M-c, " In|A|+C-c,
<J- c;lln]A\.

The second estimate can be derived in the same way, but without the need
to apply reversibility. O

The next proposition gives some estimates of the size of the balls.

Proposition 7.1.11. There exist constants C;,C, > 0, such that

el < V(n) < Cune®™, for allm > ny.
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Proof. Since for x ¢ B,,—1 the distance dg(o,x) > K(n — 1), it follows that
> F(o,z) < [0Bya|-e KD, (7.11)
r€IBy_1

Every random walk that leaves the ball B,_; has to hit at least one point
of 0B,,—1(n). Because the balls are finite, the random walk leaves B,_; with
probability 1, hence

Z F(o,z) > 1.

T€OBL_1
Then (7.11)) and (7.8 imply
K= < 10B,_1| < |Bn| = V(n).
Choosing C; = e~ X gives the lower bound of the proposition.

To prove the upper bound, consider the following inequality

1B, - e K < Z F(o,x) < J- C;l - In| B, (7.12)

€L,

which follows from the definition of the balls B, and Proposition
The finiteness of the balls (Proposition i implies that |B,| = O(eX™).
Further, (7.12) gives for some constants C' and C,,

|B,| < J - C;IeK” In|B,,|
<J- cgleK” In (C‘eKlTL)
<J- C;IeK” (K’n +In é’)

< Cynekm.

7.2 Internal Diffusion Limited Aggregation

We can now formulate our main result of this chapter, which connects the
shape of the IDLA clusters to the balls with respect to the hitting distance.

Theorem 7.2.1. Let the sequence of random subsets {A,}n, € N be the
IDLA process on a strongly reversible, uniformly irreducible Markov chain
with spectral radius strictly smaller than 1. Then for any € > 0 and all
constants Cy > 1% (where K is the constant used in the definition of the
balls By, ) and Co > /3,

P [Ems s.t. Vn Z Nne BT’L*C[II’ITL g AV(n) g Bn+Co\/ﬁ =1.
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The proof of Theorem is very similar to the proof of the equivalent shape
theorem for IDLA on groups with exponential growth [BB07, Theorem 3.1].

Recall that Xg represents the j* random walk of the IDLA process. The
main tools of the proof are two types of stopping times. As in Chapter [6]
denote by ¢/ the first time at which the j** random walk adds to the cluster

o9 = inf {t >0: X/ ¢ Aj_l}, (7.13)

and by 77 the time at which the 4 random walk first hits a point z

7 = inf {tz() : th :z}. (7.14)

z

7.2.1 The Inner Bound

To prove the inner bound, we first estimate the probability that a point
z € By, is part of the IDLA-cluster which contains V(n) particles.

To do this we, define a few random variables

NJ(Z) = 1{Tg§0j}a (7.15)
MI(z) =15y (7.16)
L(2) = 11y i ooy (7.17)

It is easy to see that the relation N7(z) = M7(z) — L’(z) holds. Since z will
be fixed, we will just write N7 = N7(z), and so on, to simplify the notation.

Note that a point z is not part of the IDLA-cluster at a time T, if and only
if N7 =0, for all j <T. So, for all A >0

V(n)
Plz¢ Ay =P | Y N =0
j=1

<SPS N =k|-cM=E {eAZY—(T) Nj]

k>0 | j=1 (7.18)

V(n) ari ; V(n) ari Vi(n) rj
-k |:€)\Zj_1 MJLJ] —F [e)\zj_l MI '6)\2],:1 L]:|

1 1
V(n) 2 Vin) ri|2
< E [€—2>\ ijl MJ] F [6% ijl LJ] .
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The random variables M7 are all identically distributed and independent,
therefore

E [ezxz}/(’f) MJ} _ V(n)E [672/\MJ}
7j=1
Vo)
=TI (P[7 =0] + P[0 =1]-e7)
7j=1
)

= ] ((1 - F(z)) + F(z)6_2>‘)

=(1-a- 6_2’\)F(z))V(n) .

Applying the inequality (1 —z)¥ < e™™¥ (which holds for x < 1) implies:

\%4

E |:6_2>\ ISR MJ} < exp (—(1 - e_QA)F(z)V(n)) .

To estimate the second part of the right hand side of (7.18)), we bound L’
from above by random variables that are independent when conditioned with
respect to a suitable o-algebra. Let

%g:inf{tZGj : Xg:z},

then
<D= 1{%5@0}.
We define a sequence of o-algebras:

Gn :O'<Xj

tAod

) , for all j < V(n) and ¢ € N. (7.19)
G, encodes all information about the random walks th before they add to
the IDLA-cluster Ay ().

The random variables L7 are independent when conditioned with respect to
G,,. Hence

s sy e] ce[wmr] spfp o=l n )]

V(n)

—E | [[ B[ 6]

Jj=1
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Since the L7 are indicator random variables, this is further

v 2) 7j
— _ J
E JHI (1+(e 1E [L \Qn])_
i V(n)
<E |exp (e”‘ -1) Z E [f/j | gn]
L 7=l

Finally, we need an estimate of the conditional expectation of L7. With
Proposition [7.1.10| we get

V(n) o V(n) V(n) .
E|L|Ga| = DB Ly 1Gn] = 3 By [7 < o]
j=1 j=1 =7
— Z F(y,2) <J ¢, InV(n).
YEAV(n)

Denote by £ the event [z ¢ AV(n)]' Putting the pieces together, we get the
estimate

o=
ol

PlE] < exp (~(1 - e ) F(:)V(n))

= exp (; <—(1 — e NF(2)V(n) + (e* — 1).70;1 In V(n))) :

Using the bounds for V' (n) from Proposition [7.1.11} we arrive at

- exp <(62)\ - 1).70;1 In V(n))

P[€] < exp <; (—(1 — e N F(2)Cef™ + (2 — 1)Jc;1 ln(CuneK”))>

< exp (—C\F(2)e"™ + CAKn) ,
for some constants Cy, C§ > 0, depending on A.

We choose z € By,_¢, Inn for a positive constant C;. This means by definition

that

F(Z) > eKC[lnann — nCIK . efKn'

So, for all e > 0, C; > 1% and n > ng:
P [z ¢ AV(n)] < exp (—C,\nCIK + Cf\Kn) < exp (—C,\nHE) .
Using the upper bound of Proposition again, we get

Z Pz & Ay@y] < V(n—Crlnn)exp (—=Cyn'*e)

ZGancI Inn

— _ 1+¢
< Cu(n —Crlnn) - n KCr. hKn . =™
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which is summable. Applying the Lemma of Borel-Cantelli, gives the inner
part of Theorem For all constants € > 0 and C; > %

P [Elng : Vn 2 Ne, Bn*C} Inn C AV(TL)] =1.

7.2.2 The Outer Bound

For the estimate of the outer error of Theorem the upper bound in
Proposition is tighter than the analogous statement in [BBO7, Propo-
sition 2.3] because of non-amenability (see also [BB07, Remark 2.4]), which
in turn leads to a smaller constant Cp.

In this part of the proof we rely very much on the “onion structure” of the
balls that was established in . We define random variables that count
how many points of the IDLA-cluster lie in each layer of this "onion”. For a
fixed n let

J
Zp(j) = |Aj n aBTH-p’ = Z 1{X;ieaBn+p}’
i=1

for p > 1, and

Now, if X} adds to the cluster in a point of dBp4pi1, we know that it has
always stayed in the cluster before that. Additionally, to arrive at a point in
0By +p+1, the random walk has to visit a point of 08,4, first.

This means
(X!, € 0Bnypt1] C [Fx € 0By N Aiy ¢ 72 < 00],

which leads to

J
]P’[X;i € 8Bn+p+1] < ZIP’[EIx €0BpypNAi—1: 7'; < oo}

n

vpt1(j) =

<
I
—_
<.
I
—_

P[ri <oo] =) E Y Lo

=1 $€38n+pﬂAi_1 =1 _m€88n+pﬂAi_1

I MQ.
]

e

E [Zp(i -1)- mergg)i P[r! < oo]| .
n+p

=1

All random walks are independent, therefore th is also independent of A;_1,
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and so

e

vpt1() < ) _wmpli—1)- L P[r; < o0
n+p

=1

vp(i—1)- ze%ll%)i F(0,z).
n+p

Il
AMR

=1

If x € 0B,,4p this implies that x ¢ B,,4,, hence, by the definition of the balls
B, we have F(0,z) < e~ X(+P) Therefore

vpi1(j) < e K0+p) Z (i —1). (7.20)

Applying the inequality
jp+1

}:@—Up§p+1

j recursively to ) gives

A E

and the trivial bound v (j)

jp
H.

. pp—1
vo() < exp (~Kn(p — 1)) exp (—K(2)>
Now we apply p! > pPe™P and arrive at the final estimate

vp(j) < exp(—Kn(p—1))exp <_Kp(p2—1)) ePpP 4P, (7.21)

The upper estimate of Proposition [7.1.11| gives, for j = V(n)
—1
vp(V(n)) < exp(Kn)exp <—Kp(Z)2)> ePp~PClnP

2 P
cou(cw (5 ) oxg ) ()

For p > max {Cu, 6K+ 3} this leads to

vp(V(n)) < nPexp <—K <]§ — n)) .

For Co > /3, p > Co/n and some positive constant c,

PlAv(n) € Boicoym) < PlZe, m(V(n)) > 1]
< v, m(V(n))

<cexp< K<

),
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for n > ngy. Therefore

Z P[AV(TL) Z Bn+Co\/ﬁ] < o0,

n>ng

and by the Lemma of Borel-Cantelli

P {Elno :Vn>ng: AV(n) - BnJrCO\/ﬁ} = 1.






Chapter 8

Outlook

There are still several unsolved problems regarding internal growth models
on the comb. The standard techniques to prove an outer bound, which where
introduced by LAWLER, BRAMSON AND GRIFFEATH [LBG92], and are also
the basis for the proof in Section [7.2.2] do not work particularly well in the
case of the comb. The method makes the assumption of uniform growth of
the clusters, which on the comb is of course violated, since the cluster grows
with rate n!/3 in the direction of the z-axis, and with rate n?/3 in the direction
of the y-axis. Because of these problems, when we apply this method to the
comb, using the harmonic measure of the sets B, we obtained in Lemma
only a relatively weak upper bound of the form A, C Bn(l 4en2/3) Can
be obtained.

More promising in this context is probably the method LAWLER used in his
estimate of the fluctuations of the outer bound of IDLA on Z% in [Law95].
There, in addition to some information on the harmonic measure of the sets
B,,, the quantities

nGr(0,2z) and Z Gn(y, 2)

yEBL

are mainly used, where G,, is again the Green function stopped at the first
exit of B,,. While the stopped Green function is not directly available on Co,
in these special cases one can use the functions g, and f,, as defined in
and , and the identities

1Ga(0,2) = " (g (2) + fu(2),

and

S Gu(:2) = 2 (gu(2) — fu2).

2
yeBy,

89
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Even though we obtained precise and explicit expressions for both g, and f,
in Chapters [3| and [6] there remain several technical problems.

8.1 Internal growth models on the Sierpinski Car-
pet

In this section we describe a few simulation results for internal growth models
on the graphical Sierpinski carpet in dimension 2. The graphical Sierpinski
carpet is an infinite graph which is derived from the well know Sierpinski
carpet, that is, the fractal which is created from the unit square in R? by
dividing it into 9 equal squares of which the one in the center is deleted. The
same procedure is then repeated recursively to the remaining 8 squares.

The graphical Sierpinski carpet S of dimension d is defined as follows — see
also BARLOW AND Bass [BB99].

Definition 8.1.1. Let Sg = Zi. Every vertex v of Sg can be written as v =
(Ul, V9, ..., Ud) with all coordinates v; > 0. We assume that every coordinate
v; 18 written as an infinite ternary expansion, that is,

00
V; = E Uij3j,
Jj=0

where vi; € {0,1,2} and v; ; # 0 only for finitely many indices j. For each
k>1 set

k= {(U17U27"~7vd) €50: v =1 foralll gigd},
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Figure 8.1: A finite piece of the graphical Sierpinski carpet in
dimension 2.
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so that each Jy, is the union of disjoint cubes of side length 3*. Now define
Sp=Ho—|JJt and S=[) 5.
k=1 n=0

Then S is the vertex set of the graphical Sierpinsky carpet, and the neigh-
bourhood relation is inherited from Z‘i, that is, for u,v € S we have u ~ v if
and only if lu —v| = 1.

Figure [8.1] shows a finite piece of the graphical Sierpinski carpet for d = 2.

n =275 n = 140000
1
n = 200 n = 12500 n = 98000

Figure 8.2: Evolution of the scaling limit of rotor-router clusters

R,, over 4 iterations of Sierpinski carpet. The scaling of each
picture is % of the picture to its left. The clusters in each row

converge to two different scaling limits. The colouring represents
the final states of the rotors.
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Figure 8.3: IDLA clusters on the Sierpinski carpet for 10000 up

to 150000 particles.
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Computer simulations of rotor-router aggregation and IDLA, with particles
starting at the origin, exhibit an interesting behaviour. While, as expected,
both growth models show similar behaviour, with IDLA having slightly bigger
fluctuations, there does not seem to exist an unique scaling limit for the
clusters. The simulations suggest that there is a whole family of scaling
limits, dependending on how far the cluster has flown around the biggest
hole in graph that is touched by the cluster. These scaling limits also seem
to have a fractal boundary. Figure [8.2] shows two sequences of rotor-router
clusters, which seem to converge to two different limiting sets. Figure [8.3
shows IDLA clusters on the Sierpinski carpet.
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