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Abstract

In �nancial theory market liquidity refers to how easy it is to buy or sell an asset within
little time and without losing money due to price impacts. In contrast to classical
arbitrage theory, which assumes that the market is perfectly liquid, this model deals with
the risk coming from the illiquidity of an asset in terms of the following aspects: The
price per share of an asset depends on the order size and every trade has a lasting impact
on the price process. The price impact and the resulting supply curve are correlated to
the level of liquidity of the asset. As a consequence the value of a trading strategy
di�ers from the value in classical theory. We start by determining the additional costs of
a trading strategy which are due to the illiquidity of the asset. We show that the model
is free of arbitrage and that the market is appoximately complete. We then investigate
the impact of the illiquidity on the replication value of contingent claims. To obtain the
minimal replication strategy one has to solve a backward stochastic di�erential equation.
Only if the process which describes the liquidity of the stock is a martingale, the minimal
replication value is equal to the classical fair price. In general the minimal replication
value is a non linear functional of the contingent claim, e.g. it depends in a non linear
way on the order volume of the contingent claim. We compute this minimal replication
value in simple models and compare the replication values of european options to their
prices in classical theory.
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1. Introduction

In classical arbitrage pricing theory it is assumed that the market is in�nitely liquid. In
that case the price of an asset is independent of the number of shares that are purchased.
Furthermore, market participants act like price takers which means that their trades
do not have an impact on the price of the asset. While famous models created by
Black-Scholes or Merton deal with market and credit risk, they neglect the risk coming
from the illiquidity of an asset.

In �nancial theory market liquidity refers to how easy it is to buy or sell stocks
within little time and without losing money due to price impacts. If a number of stock
shares is bought and can immediately be sold at the same price, the stock is called
perfectly liquid. Whereas, if the shares can not be sold at all for any price the stock is
illiquid. In reality the liquidity of an asset can be found somewhere in between these
extremes. Liquidity becomes a risk factor if its impact on the price of an asset changes
randomly over time. We think of liquidity risk as additional risk due to the timing and
size of a trade. As a consequence of liquidity risk, the value of a trading strategy di�ers
from the value in classical theory. We refer to this di�erence as liquidity costs. The
additional costs can be substantially higher if large quantities are traded. Consequently
this issue is of special interest for moderate and large traders. In this thesis we are
interested in the liquidity costs of a trading strategy and the impact of illiquidity on the
replication costs of �nancial derivatives.

The literature on liquidity risk can be divided into two categories. In the �rst cat-
egory of models the price of an asset depends on the quoted price and the size of the
transaction. In that case, there is no long term in�uence of a trade on the quoted price
process. Examples of these models are Cetin and Rogers [21] and Rogers and Singh
[9]. In the second category of liquidity risk models, trades have a lasting impact on
the quoted price of an asset. The impact of these trades depends on the number of
purchased shares. If this impact is more than linear in the number of shares, large trades
have a proportional stronger in�uence on the price. These models are therefore known
as larger trader models. Examples are Bank and Baum [12] , Frey [18] and Jarrow [19].
In this thesis we use a model which combines both of these approaches. The price of an
asset depends on the transaction size and each trade triggers a price impact.

Cetin, Jarrow and Protter [22] created a time continuous model, where the price
of an asset is determined by the quoted price and an increasing supply curve. They
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1. Introduction

assume that trades do not cause any �uctuations of the quoted price. The liquidity
costs in this model is determined by the quadratic variation of the trading strategy.
The costs can be completely avoided if the strategy is continuous and of �nite variation
and the price of a �nancial derivative is therefore equal to the price in classical theory.
Di�erent studies done by Weber and Rosenow [17] and Farmer, Gillemot, Lillo [5] have
shown that there is a correlation between price �uctuations and the level of liquidity
of a stock. Blais and Protter [10] could show that for highly liquid stocks the supply
curve is approximately linear with a randomly changing slope. This slope depends on
the level of liquidity and it can therefore be used to model liquidity. This observation is
used in Roch [3]. In his model the price of a stock is given by a linear supply curve and
therefore depends on the size of the transaction. In addition each trade has an impact,
which is directly related to the amount of liquidity of the asset, measured by the slope
of the supply curve. The exact mechanism of the price impact of a trade is motivated
by an investigation of the limit order book of a stock. This way A. Roch combines both
notions of liquidity risk in one model.

This thesis is based on the work of A. Roch [3]. Similar to his paper we are inter-
ested in the impact of liquidity on the replication costs of a contingent claim. Roch
uses a speci�c stochastic volatility model for the stock price. We derive the theoretical
results in a more general setting. The minimal replication costs of a contingent claim
can be obtained by solving a backward stochastic di�erential equation. Using simple
models we are able to calculate these costs explicitly and compare the values with prices
in classical theory. In the original model of A. Roch explicit solutions are not available.
Moreover, even numerical solutions seem to be very hard to obtain in the full model.

This thesis is organized as follows. In Chapter 2 we describe the limit order book
of a stock and investigate the impact of liquidity on the stock price. We show that
market orders trigger price impacts which depend on the size of the transaction and the
density of unexecuted limit orders. Assuming that the supply curve of a stock is linear,
we derive the density of the order book and determine the impact on the quoted price.
We use these observations in Chapter 3 to calculate the actual observed stock price,
which includes all price impacts and therefore depends on the full history of trades. For
a self �nancing trading strategy we deduce the liquidity costs. We de�ne admissible
trading strategies and show that by merely trading these strategies we can not generate
arbitrage with vanishing risk. In addition we de�ne the notion approximate replication
and show that the minimal replication value of a claim is equal or bigger to its expected
output.
In Chapter 4 we consider the underlying processes in a general model and investigate
the minimal replication value of a claim. We complete the market by adding su�ciently
many assets (e.g. variance swaps) and prove that every integrable claim can be approx-
imately replicated. The approximate hedges are continuous trading strategies of �nite
variation, which converge to the solution of a backward stochastic di�erential equation.
The minimal replication value is determined by the minimal solution of this equation.
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1. Introduction

We show some analytical properties of the solution, including an approximation of the
price of a claim which is linear (in the order size).
In Chapter 5 we consider models where the liquidity process M is a martingale. This
case turns out to be an extension of the classical theory as the price of an asset is given
by its expectation.
In the last Chapter 6 we compute the minimal replication value in simple models.
We derive analytical and numerical solutions of the corresponding backward stochastic
di�erential equations.
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2. Background: The limit order book

To understand the impact of liquidity on the price of an asset, we �rst explain how assets
are traded on the stock exchange. The standard mechanism for price formation in most
modern �nancial markets is called double continuous auction. We then consider the
supply curve of a stock. Assuming it has a linear shape we deduce the density of the
limit order book. For further information on the double auction mechanism see Farmer,
Gillemot, Lillo [5].

2.1. Double auction mechanism

In economic theory the price of an asset is determined by its demand and supply. If a
person A wants to sell a stock at a speci�c price P or higher and a trader B is willing
to buy the stock for the same price P or less, their interests match. Given that nobody
else wants to buy or sell the stock, the trade will be executed at price P . But what
happens if A o�ers the stock at a price PA which is higher than the maximum price PB
the person B is willing to pay. In that case the trader has two possiblities: Either he
waits until B or someone else wants to buy the stock for the price PA or higher, or A
sells the stock immediately for the lower price PB. This introduces two di�erent ways
how agents place orders in �nancial markets.

� Market orders: A market order is a request to buy or sell a given number of shares
immediately at the best available price. (i.e.: A sells the stock at price PB)

� Limit orders: If the trader is more patient he might submit a limit order (also
called quote), where he waits until someone is willing to buy (resp. sell) a number
of shares for a price equal or higher (resp. lower) to the corresponding limit price.
If the trader wants to sell the stock, the limit order is called ask and if he wants to
buy the stock, it is called bid. (i.e. A places an ask-order if he waits until someone
wants to buy the stock at price PA or higher.)

Of course not all of the limit orders can be executed immediately, therefore they are
stored in a queue, which we refer to as limit order book. This means the limit order
book contains all unexecuted bid and ask orders. At every time t we de�ne the best ask
with price pA to be the lowest ask order in the limit order book and the best bid order
with price pB as the highest bid order. Of coures the prices satisfy pB   pA, otherwise
they would be executed immediately. This means there is a gap between the highest
bid and the lowest ask price. This gap is called the bid-ask spread ∆p � pA � pB.
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2. Background: The limit order book

The number of shares of a order is called size or volume of the order. From now on
a negative volume corresponds to a sell order and a positive volume to a buy order.
Therefore, we can identify a order by its type (limit or market order), the price and the
number of shares. In �nancial markets the prices are not continuous, but rather change
in discrete quanta called ticks. Figure 2.1 illustrates the shape of a order book, the best
prices and the bid-ask spread at time t1 : t1   t2   t3 .

If somebody places a market order of x shares, the limit orders of opposite sign

Figure 2.1.: The limit or book at time t1

�signpxq will be executed starting with the best price. If there are several limit orders
o�ered at the same price those with earlier arrival time will be served �rst. This way
limit orders vanish until a total volume of x is executed. Of course every limit and
market order can have a di�erent volume. Therefore it is not possible to match limit and
market orders one to one. It might happen that only a part of the volume of the limit
order is executed by the �rst market order. The resulting rest of the volume remains in
the order book and might be used to match the next order. If a market order arrives
with a volume which is bigger than the total number of shares o�ered at the best price,
all limit orders at that price will be executed in the limit order book. This means the
best price with opposite sign as the market order will be removed. This impact on the
price is called market impact or price impact. Figure 2.2 shows the limit order book at
time t2 when a sell market order is placed and Figure 2.3 represents the limit order book
after the market order was executed and illustrates how changes in the best prices occur.

It is easy to see that the direction of these impacts remains the same: A buy
market order increases the lowest ask price, while a sell market order decreases the
highest bid. However every price impact makes the bid-ask spread bigger. The spread
keeps growing until new limit orders are placed with prices in between the best ask price
pA and the best bid pB.

The impact of a market order depends on the density of the limit order book ptpzq for
a stock price z. As the tick size is very small (down to 1 cent) we will from now on
assume that prices are continuous, therefore z P R�. If the density per price is high, the
stock is called liquid and a market order will only trigger a small movement. On the
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2. Background: The limit order book

Figure 2.2.: The limit or book at time t2

Figure 2.3.: The limit or book at time t3
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2. Background: The limit order book

other side if the liquidity is low, it has a big impact on the best price.

In this thesis we are interested in the impact of liquidity on the price of �nancial
derivatives. We consider a trader who wants to hedge a contingent claim. The trader
has to place orders at speci�c times and is not patient enough to wait until someone
accepts his or her o�ered price. Hence, the trader will only place market orders to hedge
the contingent claim. It will be shown, that the liquidity of the underlying, which is
given by the density of the order book, has an in�uence on the price of the claim.

2.2. The supply curve

Let us consider a stock which is actively traded through a limit order book. We take the
point of view from a hedger who observes the order book and makes market orders. As
stated above, the order book stores all unexecuted limit orders and this way determines
the supply of a stock. We have seen that the price of a stock might be in�uenced by the
size x of an order. A positive order x ¡ 0 represents a buy, a negative order x   0 a sell
of x shares and x � 0 corresponds to the marginal trade. We are interested in the price
per share for a transaction of a speci�c size. Let us de�ne

Spt, x, ωq for t P r0, T s, x P R, ω P Ω

as the average price per share if we buy x shares at time t. Given the stage ω in
the probability space Ω and �xing the time t we get a function of the order size
x ÞÑ Spt, x, ωq for x P R. In the following we supress the dependence on ω and write
Spt, xq for the random variable ω ÞÑ Spt, x, ωq. We assume that a supply curve Spt, x, ωq
satis�es the following conditions.

De�nition 2.1. A Supply-Curve is a function Spt, x, ωq : r0, T s � R � Ω Ñ R� which

satis�es

1. Spt, xq is Ft-measurable and non-negative

2. Given stage ω and time t the function x ÞÑ Spt, x, ωq is non-decreasing.
3. Given stage ω the function pt, xq ÞÑ Spt, x, ωq is in C2 in x, BSpt,x,ωq

Bx is continuous

in t and B2Spt,x,ωq
Bx2 is continuous in t.

4. t ÞÑ Spt, 0q is a semimartingale

5. t ÞÑ Spt, xq has continuous sample paths (including time 0) for all x

7



2. Background: The limit order book

Of course the number of shares of a stock that are o�ered at time t is limited. Therefore
a buy-order of a stock leads to an decrease in supply, while a sell-order leads to an
increase. From an economic perspective, it is clear that a decrease in supply drives the
price up and an increase in supply decreases the price. Therefore it is reasonable to
assume that the price of x ¡ 1 stocks is higher than x times the price of one. This
is considered in condition 2 of the above de�nition. As a special case this de�nition
includes constant supply-curves. In that case the size of an order does not have an
impact on the price. In a liquidity risk model we want the trader's transactions to have
an a�ect on the executed price. Therefore a horizontal supply-curve, as in the classical
theory, is not appropriate in our model. So what should the supply curve look like?

When we are purchasing x shares of a stock, the average price per share could be
obtained by observing the limit order book and taking the average price of all executed
limit orders. Unfortunately limit order book data of a stock is not accessible to the
public. Therefore we rely on a study by Blais and Protter [10] from 2010. They analyzed
the supply curve models of liquidity issues in stock and option market trading. They
considered the most liquid stocks on the New York Stock Exchange and could show
that a supply curve really exists and is non trivial (Spt, xq � Spt, 0q). Furthermore,
they determined that supply curves for highly liquid stocks are linear in the number of
shares with a dynamically changing random slope. Figure 2.4 is taken from Blais and
Protter [10]. It shows the price of the British Petroleum (BP) stock on the New York
Stock Exchange depending on the trade size and the corresponding linear regression line.

Note that the average price per share Stpxq � Spt, xq of x shares of a stock is a

Figure 2.4.: Linear supply curve: British Petroleum

stochastic process. From now on we assume that we are dealing with a stock which has
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2. Background: The limit order book

a linear supply curve Spt, x, ωq in the number of shares x. Hence, the average stock
price Stpxq is given by

Stpxq � St �Mtx for x P R, (2.1)

where pStqt¥0 and the random slope pMtqt¥0 are continuous and positive processes.
Since x ÞÑ Stpxq is continuous at x � 0, there is no bid-ask spread in the limit order
book. A stock is considered to be liquid if it can be converted into cash quickly, without
having a big impact on the received price. This will be satis�ed if the slope of the
supply curve is small. By requiring that the process pMtqt¥0 takes small values and that
the price for a marginal trade is positive, we also ensure that the price process Stpxq is
positive (at least with high probability). In the next chapter we show that the linear
structure of the supply curve corresponds to a constant density of the limit order book.

We call the linear supply curve (2.1) the una�ected supply curve, since a trade of
x shares, executed at price xStpxq, does not in�uence the price of future trades. In the
next chapter we determine the mechanism how the trades of a trader in�uence future
prices.

2.3. The density of the order book

We deduce the density of the limit order book, which corresponds to the linear structure
of the una�ected supply curve and use it to identify the price impact of a trade.

The limit order book can be de�ned by its density function ρtpzq which denotes
the density of the number of shares that are o�ered at price z at time t. This means
that the number of total shares o�ered between the prices z1 and z2 (z1 ¤ z2) is» z2

z1

ptpzqdz.

If the trader orders a market order of size x, the order starts at the quoted price St and
therefore ρtpStqdz shares are obtained at that price. Then the order moves up in the
limit order book until the total amount of purchased shares is x. This means that the
trader pays a price of zx for the last ρtpzxqdz shares, where zx solves the equation» zx

St

ρtpzqdz � x. (2.2)

This way we obtain the total price for a market order of size x. If the trader wants to
buy x shares, the total amount he has to pay is» zx

St

zρtpzqdz,

9



2. Background: The limit order book

which is equivalent to xStpxq. Because of our assumption on the structure of the supply
curve, we deduce

» zx
St

zρtpzqdz � xStpxq � xSt � x2Mt

and therefore

zxρtpzxqdzx
dx

� St � 2xMt. (2.3)

Because of equation (2.2) we know that ρtpzxqdzxdx � 1. Then,

zx � St � 2xMt

and dzx
dx � 2Mt. Equation (2.3) yields ρtpSt�2xMtq2Mt � 1 for all x. Hence, the density

ρt is constant

ρtpzq � 1

2Mt
. (2.4)

Since we think of ρt as a measure of liquidity, we may also consider Mt to be a measure
of illiquidity. In the following chapters we show that the larger Mt, the higher is the
liquidity cost compared to the quoted price St.

As mentioned before, whenever a trade occurs in our model, it happens due to a
market order and every market order is executed against the existing limit orders,
decreasing the liquidity and triggering price impacts. If market orders (i.e. buy) are
ordered, then limit orders in the limit order book are executed starting with the cheapest
and then continuing with more expensive limit orders until the required number of shares
is purchased. Because of the density of the order book, this means that after the market
order of size x at time t all limit orders within the price interval G � rSt, St � 2Mtxs
are used up. If no additional limit orders were placed, there would be a bid-ask spread
of ∆p � 2Mtx in the limit order book immediately after the order, such that

pt�pzq �
#

0, for z P rSt, St � 2Mtxs
ptpzq, otherwise.

In that case the lowest ask price would move up to St�2Mtx, while the highest bid price
would remain the same. What happens to this gap after the order is executed? If the
market order is a bid, the number of o�ered shares is decreasing, whereas the number of
people who are interested in buying the stock remains the same. In that case the demand
per share is increasing and people are willing to pay a higher price than St for the stock.
Furthermore, as long as there is a gap between the best ask and bid price and as long as
there are no transaction costs, there will be traders who make use of this situation by
placing limit orders in the gap. This way it is reasonable to think that the limit order
book immediately �lls up after a trade. But should the gap be �lled by bid or ask orders?

If the limit order book was entirely �lled up by bid orders after an market order

10



2. Background: The limit order book

of size x, the quoted price of the stock would go up to St � 2Mtx. This would be the
biggest price impact that could occur. Otherwise, if the entire gap was �lled with ask
orders, there would not be any price impact at all. Weber and Rosenow [17] showed
that the truth is somewhere in between: The price impact exists, but is less than the full
impact. This statement is based on the following observation. There is a negative cor-
relation between price changes and the volume of incoming limit orders, which suggest
that market participants respond to a market order by adding new limit orders in the
opposite way. If a market-order (buy) is placed the lowest ask price of the asset instantly
moves up. Informed traders, who determine the fundamental price of the stock, take
advantage of the price impact by selling limit orders at the temporarily disadvantaged
price. Therefore we assume that the upper part of the gap in the limit order book
disappears immediately after the trade. This phenomenon is called short-term resiliency
e�ect. To model this e�ect we de�ne a parameter

λ P r0, 1s

which indicates the percentage of the gap in the limit order book that is �lled up with
bid orders. Hence, depending on λ the price of the asset after a market order of size x
moves up to

St�pxq � St � 2λMtx.

We assume that the density level of the order book remains una�ected by the trade.
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3. The impact of liquidity

Let us consider a simple economy which consists of a �nancial asset (typically a stock)
and a risk free asset. We use a �ltered probability space pΩ,F ,F0¤t¤T ,Pq, which
satis�es the usual conditions. For simplicity we assume that the interest rate is constant
and we always work with discounted price processes.

We start by de�ning an endogenously given adapted semimartingale

S � pStqt¥0

and call it the una�ected quoted price process of the stock. We assume that S is
the price process that occurs due to actions of all market participants except the single
trader who wants to replicate a contingent claim. This process is independent of the
trader's strategy. As discussed in the last chapter we assume that the una�ected

average price per share Stpxq at time t is a linear function of the order size x P R
and can be written as

Stpxq � St �Mtx

whereM � pMtqt¥0 is an adapted semimartingale. Stp0q � St is the (una�ected) quoted
price. We want M to be continuous and non-negative and think of it as a measure of
illiquidity. M=0 refers to a stock which is in�nitely liquid and the stock becomes less
liquid if M increases. For simplicity we call M the liquidity process. In addition to S we
de�ne a second price process

SX � pSXt qt¥0

which is called the observed quoted price process. This price process SX gives
the actual observed quoted price including the price impacts of the trader's hedge X.
Consequently, SXt is dependent on all historic actions of the trader prior to time t. The
X in the notation emphasizes the dependence on the traders's strategy. In addition it
depends on the process M and the given resiliency paramter λ P r0, 1s. Since we assume
that the level of liquidity is not a�ected by X, the observed average price per share

SXt pxq at time t is again given by the linear supply curve

SXt pxq � SXt �Mtx.

SXt p0q � SXt is the observed quoted price. The process pSXt qt¥0 and its properties will
be derived in Section 3.1.1.
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3. The impact of liquidity

Note: The basic una�ected price process S could as well be interpreted as the funda-
mental value of a company and the process SX as the observed price that occures due
to all trades on the market. In that case X indicates the total order �ow of the stock
and the model can be used to explain asset price bubbles. See Jarrow, Protter, Roch
[20] in this context. But as the goal of this thesis is to replicate and price contingent
claims, we are interested in the impact of the hedge and therefore in the impact that
a single trader has on the price process. Hence, the una�ected quoted price process S
results from the limit and market orders of all other market participants. We assume
that everyone is allowed to place market orders and by doing this every participant has
an impact on the price S, which is proportional to the liquidity process M . Then it is
reasonable to conclude that the volatility of S is in part correlated to the process M .
This is supported by Farmer, Gillemot, Lillo [5]. There it is also shown that �uctuations
caused by individual market orders are driven by liquidity �uctuations, variations in
the market's ability to absorb new orders. This means that both illiquidity and the size
of the transaction have to be taken into account in order to explain price changes. Also
have a look at Weber, Rosenow [17] in this context.

Throughout this thesis we use the following de�nition of a stochastic integral. For
a semimartingale X and a predictable X-integrable process Y (e.g. every caglad
process) we write Y �X � ³

Y dX with

pY �Xqt �
» t

0
Y dX �

»
p0,ts

Y dX.

Note that this de�nition is slightly di�erent from the stochastic integral used by Cetin,
Jarrow, Protter [22] and Roch [3], who include the 0 and use

³
r0,ts Y dX. We make use

of the following theorems and de�nitions.

De�nition 3.1. A random partition π is a �nite sequence of �nite stopping times

0 � τ0 ¤ τ1... ¤ τk   8.

A sequence of random partitions pπnqn¥1 with πn : 0 � τn0 ¤ ... ¤ τnkn is said to tend

to identity if supk�1,...,kn τ
n
k Ñ8 and

|| πn ||� sup
0¤k¤kn

| τnk�1 � τnk |Ñ 0 (3.1)

almost surely for n Ñ 8. A sequence of random partitions pπnqn¥1 of r0, ts with

πn : 0 � τn0 ¤ ... ¤ τnkn ¤ t is said to tend to identity if τnkn converges to t almost

surely and (3.1) is satis�ed.

Let D denote the space of all adapted processes with cadlag paths and L the space of all
adapted processes with caglad paths.

13



3. The impact of liquidity

Theorem 3.2. X is a semimartingale and Y is a process in D or in L . Let pπnqn¥1 be

a sequence of random partitions tending to the identity. Then,»
Y πndX �

¸
i

Yτni
�
Xτni�1 �Xτni

� ucpÑ
»
Y�dX.

Here ucp means uniformly on compact sets in probability and Y� � pYt�qt¥0.

Proof. See Theorem 21 of Chapter II in Protter [16] �

Theorem 3.3. Y is an adapted cadlag process, X and Z are semimartingales. Let

pπnqn¥1 be a sequence of random partitions tending to identity. Then¸
Yτni

�
Xτni�1 �Xτni

� �
Zτ

n
i�1 � Zτ

n
i
� ucpÑ

»
Y�drX,Zs.

Proof. See Theorem 30 of Chapter II in Protter [16] �

For a cadlag process Y consider the process Y with Y s � Ys1r0,tqpsq. Then for i � 1, ..., kn
and s ¤ t

Y τni

�
X
τni�1
s �X

τni
s

	
� Yτni

�
X
pτni�1^tq
s �X

pτni ^tq
s

	
,

such as

Y τni

�
X
τni�1
s �X

τni
s

	�
Z
τni�1
s � Z

τni
s

	
� Yτni

�
X
pτni�1^tq
s �X

pτni ^tq
s

	�
Z
pτni�1^tq
s � Z

pτni ^tq
s

	
.

The sequence pπnqn¥1 with πn : 0 � τnk ¤ ... ¤ τnkn ¤ t and τnk � pτnk ^ tq is a sequence
of random partitions of r0, ts tending to identity. Hence, the statements of Theorem
3.2 and Theorem 3.3 remain true for a sequence of random partitions of r0, ts tending
to identity. In that case the convergence is uniformly on compact subsets of r0, ts in
probability. We write ucp on r0, ts.
Corollary 3.4. Let Y be an adapted caglad (or cadlag) process and let X, Z be two

semimartingales de�ned on the intervall r0, ts. pπnqn¥1 denotes a sequence of random

partitions of r0, ts tending to identity. Then¸
i

Yτni
�
Xτni�1 �Xτni

� ucpÝÑ
»
Y�dX (3.2)

and ¸
Yτni

�
Xτni�1 �Xτni

� �
Zτ

n
i�1 � Zτ

n
i
� ucpÝÑ

»
Y�drX,Zs. (3.3)
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3. The impact of liquidity

3.1. Trading strategies in a model with liquidity risk

3.1.1. The observed stock price

We consider a semimartingale X � pXtq0¤t¤T which represents the trading strategy
in the risky asset. Xt denotes the number of shares hold by the trader after the trade
at time t. In contrast to the classical arbitrage theory, where a trading strategy is
a predictable process, we assume that X is cadlag. It can therefore be used as an
integrator for stochastic integrals. Moreover, we assume that the trader already holds
X0� shares of stocks before time 0, where X0� is a F0-measureable random variable.

Let πn : 0 � τn0 ¤ ... ¤ τnkn be a random partition of r0, T s tending to identity.
For a process P we de�ne operators

∆n
k : ∆n

kP � Pτnk � Pτnk�1

for k � 1, ..., kn and ∆n
0P � ∆P0 � P0 � P0�. X can be approximated by a simple

cadlag process Xπn , which is equal to Xτnk
on rτnk , τnk�1q,

Xπn
t � X0� �

kņ

k�0

∆n
kX1rτnk ,8qptq.

We trade the stock according to the strategy Xπn and are interested in the observed
quoted price at time t ¤ T . At every stopping time τni ¤ t, we buy ∆n

i X shares of the
stock, causing a price impact of 2λMτni

∆n
i X at time τni �. We sum up all price impacts

until time t P pτnk�1, τ
n
k s and get the observed quoted price associated to the strategy

Xπn

Sπnt � St � 2λ
k�1̧

i�0

Mτni
∆n
i X. (3.4)

Let t � τnk , where k ¤ kn. We add the price impact of the trade at time t to obtain

SX
πn

t� � St � 2λ
ķ

i�0

Mτni
∆n
i X

� St � 2λ
k�1̧

i�0

Mτni
∆n
i X �

�
2λ

ķ

i�1

Mτni�1
∆n
i X � 2λ

ķ

i�1

Mτni�1
∆n
i X

�

� St � 2λM0∆n
0X � 2λ

ķ

i�1

Mn
τi�1

∆n
i X � 2λ

ķ

i�1

p∆n
iMqp∆n

i Xq. (3.5)
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3. The impact of liquidity

By (3.2) and (3.3) this converges for n Ñ 8 in ucp to the semimartingale and hence
right continuous process

SXt� � St � 2λ

�
M0∆n

0X �
» t

0
Mu�dXu �

» t
0
d rM,Xsu



� St � 2λ

�
XtMt �

» t
0
Xu�dMu �X0�M0



. (3.6)

In the last step we use integration by parts. This de�nes the cadlag process pSXt�q0¤t¤T .
Furthermore, we obtain the observed quoted price by subtracting the price impact at
time t.

De�nition 3.5. For 0 ¤ t ¤ T the observed quoted price is

SXt � SXt� � 2λMt∆Xt, (3.7)

where SXt� is given by (3.6) and ∆Xt � Xt �Xt�.

Note that both pSXt�qt¤T and pSXt qt¤T depend on the strategy X, the processM and the
resiliency parameter λ. As discussed in Chapter 2, we assume that the level of liquidity
is not a�ected by any trades.

De�nition 3.6. For 0   t ¤ T and x P R the observed average price per share is

SXt pxq � SXt �Mtx, (3.8)

with SXt by (3.7).

Remember that λ indicates the part of the order book which is renewed with bid orders.
Let us de�ne the price impact of a trading strategy X � pXtqt¥0 at time t as the
di�erence between the observed quoted price and the una�ected quoted price,

SXt � St � 2λ

�
Xt�Mt �

» t
0
Xu�dMu �X0�M0



.

The full price impact occurs in case λ � 1. For λ P r0, 1q the impact is λ times the full
impact.

The e�ect of trading the stock with the strategy X can be summarized as follows. At
time t P r0, T s we observe the price process SXt and buy ∆Xt shares of the stock for an
average price per share SXt p∆Xtq � SXt �Mt∆Xt (hence a total of ∆XtpSXt �Mt∆Xtq).
At time t� the observed quoted stock price jumps to SXt� � SXt � 2λMt∆Xt.
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3. The impact of liquidity

3.1.2. Self �nancing trading strategies

A trading strategy pX,Y q consists of a semimartingale X � pXtq0¤t¤T and an adapted
cadlag process Y � pYtq0¤t¤T . At every moment t we have a portfolio pXt, Ytq, which
means that after the trade at time t the hedger holds Xt shares in the stock and Yt in
the (discounted) risk free asset.

In �nancial mathematics a trading strategy is called self �nancing if the value of
the portfolio is obtained via merely trading the stock and the risk free asset without
adding or removing any money. If the trader owns a portfolio pXt1 , Yt1q at time t1, he
does not trade until time t2 ¡ t1 and then changes the portfolio to pXt2 , Yt2q without
additional costs, the value of the portfolio must satisfy

Yt1 �Xt1S
X
t2 pXt2 �Xt1q � Yt2 �Xt2S

X
t2 pXt2 �Xt1q

or equivalently
Yt2 � Yt1 � pXt2 �Xt1qSXt2 pXt2 �Xt1q � 0.

Similarly at time 0 a self-�nancing strategy satis�es ∆Y0 � ∆X0S
X
0 p∆X0q � 0. To

de�ne self-�nancing strategies we �rst de�ne the (discounted) total costs R
pX,Y q
t of a

trading strategy pX,Y q at time t. To do this we consider a sequence pπnqn¥1 of random
partitions 0 � τn0 ¤ ... ¤ τnkn � t of r0, ts and the associated discrete trading strategies
pXπn , Y πnq, which are equal to pXτnk

, Yτnk q on rτnk , τnk�1q and Xπn
0� � X0�. The total costs

of pXπn , Y πnq at time t are

RtpXπn , Y πnq � Y0 � Y0� �∆n
0X

πnSX
πn

0 p∆n
0X

πnq

�
kņ

k�1

Yτnk � Yτnk�1
�
�
Xτnk

�Xτnk�1

	�
SX

πn

τnk
�
�
Xτnk

�Xτnk�1

	
Mτnk

	
� Yt � Y0� �∆n

0XS
X
0 p∆n

0Xq �
kņ

k�1

∆n
kX

�
SX

πn

τnk
�∆n

kXMτnk

	
. (3.9)

We de�ne the total costs of a trading stragegy pX,Y q as the limit of the total costs of
the associated discrete strategy pXπn , Y πnq.

De�nition 3.7. The total costs RtpX,Y q of the trading strategy pX,Y q at time t are

RtpX,Y q �Yt �Xt

�
SXt� � λMtXt

�� Y0 �X0

�
SX0� � λM0X0

��∆Y0 �∆X0S
X
0 p∆X0q

�
» t

0
Xu�dSu � λ

» t
0
X2
u�dMu � p1� λq

» t
0
Mu�d rX,Xsu .
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3. The impact of liquidity

Proposition 3.8. Let pX,Y q be a trading strategy and pπnqn¥1 a sequence of random

partitions of r0, ts tending to identity, then

RtpXπn , Y πnq ucpÝÑ RtpX,Y q.

Proof. Let πn: 0 � τn0 ¤ τn1 ¤ ... ¤ τnkn � t be a random partition . Then

kņ

k�1

∆n
kXpSX

πn

τnk
�Mτnk

∆n
kXq (3.10)

�
kņ

k�1

�
Xτnk

SX
πn

τnk
�Xτnk�1

�
SX

πn

τnk
� SX

πn

τnk�1
� SX

πn

τnk�1

		
�

kņ

k�1

Mτnk
p∆n

kXq2

�
kņ

k�1

�
Xτnk

SX
πn

τnk
�Xτnk�1

SX
πn

τnk�1

	
�

kņ

k�1

Xτnk�1
∆n
kS

Xπn �
kņ

k�1

Mτnk
p∆n

kXq2

p3.5q� XtS
X
t �X0S

X
0 �

kņ

k�1

�
Xτnk�1

∆n
kS � 2λMτnk�1

Xτnk�1
∆n
k�1X

	
�

kņ

k�1

Mτnk
p∆n

kXq2

� XtS
X
t �X0S

X
0 � 2λM0X0∆X0 � 2λMtXt∆Xt �

kņ

k�1

Xτnk�1
∆n
kS

� 2
kņ

k�1

λMτnk
Xτnk

∆n
kX �

kņ

k�1

λMτnk
p∆n

kXq2 �
kņ

k�1

p1� λqMτnk
p∆n

kXq2

� XtS
X
t� �X0S

X
0� �

kņ

k�1

Xτnk�1
∆n
kS �

kņ

k�1

λMτnk
∆n
kX

2 �
kņ

k�1

p1� λqMτnk
p∆n

kXq2

� XtS
X
t� �X0S

X
0� � λMtX

2
t � λM0X

2
0

�
kņ

k�1

Xτnk�1
∆n
kS �

kņ

k�1

λX2
τnk�1

∆n
kM �

kņ

k�1

p1� λqMτnk
p∆n

kXq2.

By (3.2) we get

kņ

k�1

Xτnk�1
∆n
kS

ucpÝÑ
» t

0
Xu�dSu,

kņ

k�1

λX2
τnk�1

∆n
kM

ucpÝÑ λ

» t
0
X2
u�dMu.

Furthermore,

kņ

k�1

Mτnk
p∆n

kXq2 �
kņ

k�1

Mτnk�1
p∆n

kXq2 �
kņ

k�1

p∆n
kMqp∆n

kXq2.
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3. The impact of liquidity

By (3.3) the �rst term converges in ucp to
³t
0Mu�drX,Xsu. Whereas����� kņ

i�1

p∆n
iMqp∆n

i Xq2
����� ¤ sup

i
|∆n

iM |
kņ

i�1

p∆n
i Xq2.

Because M is continuous this converges to zero for n Ñ 8. Hence, for n Ñ 8 the sum
(3.10) converges to

Xt

�
SXt� � λMtXt

��X0

�
SX0� � λM0X0

�� » t
0
Xu�dSu

�
» t

0
X2
u�dMu �

» t
0
Mu�drX,Xsu.

Furthermore,

∆X0S
X
0 p∆X0q � Y0� �X0

�
SX0� � λM0X0

�
� �Y0 �X0

�
SX0� � λM0X0

��∆Y0 �∆X0S
X
0 p∆X0q

Substituting these results in (3.9) yields the statement.
�

De�nition 3.9. A trading strategy pX,Y q is self-�nancing (s.f.t.s.) on r0, T s if
RtpX,Y q � 0 for all t P r0, T s.

A s.f.t.s. satis�es R0pX,Y q � 0 or equivalently ∆Y0 � ∆X0S
X
0 p∆X0q � 0. This term

is equal to the costs of transforming the portfolio pX0�, Y0�q to pX0, Y0q. Hence, the
initial value in the cash account is Y0� � Y0 �∆X0S

X
0 p∆X0q.

De�nition 3.10. For a trading strategy (X,Y) let us de�ne the process VM pX,Y q by
VM
t � VM

t pX,Y q � Yt �Xt

�
SXt� � λMtXt

�
.

As will be discussed in Section 3.1.4 the value VM
t is equal to the asymptotically real-

izeable wealth of the portfolio pYt, Xtq. This means if we try to liquidate the shares of
the stock until time t� the value we obtain is smaller or equal to the realizeable wealth.
We make use of this notation to obtain the following representation of self-�nancing
strategies.

Corollary 3.11. A trading strategy pX,Y q is self-�nancing on r0, T s if and only if

Y0 � Y0� �∆X0S
X
0 p∆X0q

and for t P p0, T s

VM
t � VM

0 �
» t

0
Xu�dSu � λ

» t
0
X2
u�dMu � p1� λq

» t
0
Mu�d rX,Xsu .
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3. The impact of liquidity

Proof. This follows from De�nition 3.9. �

When it comes to the replicating of contingent claims, we assume that the trader does
not hold any stock shares before time 0 and hence only consider strategies with X0� �
0. This guarantees that no price impacts where triggered before time 0 and therefore
SX0 � S0. Then, Y0� � Y0�X0S0pX0q is the initial value of the trading strategy pX,Y q
and

VM
0 � Y0 �X0pSX0 � λM0X0q � Y0� � p1� λqM0X

2
0 .

By Corollary 3.11 if X0� � 0 a s.f.t.s. satis�es

Yt �Xt

�
SXt� � λMtXt

� � Y0� �
» t

0
Xu�dSu � λ

» t
0
X2
u�dMu

� p1� λq
�» t

0
Mud rX,Xsu �M0X

2
0



. (3.11)

Furthermore, if all stock shares have been liquidated at time T, e.g. XT � 0, the
realizeable wealth is equal to the value of the risk free asset VM

T � YT . By (3.11) a
s.f.t.s. with X0� � XT � 0 satis�es

YT � Y0��
» T

0
Xu�dSu�λ

» T
0
X2
u�dMu�p1�λq

�» T
0
Mud rX,Xsu �M0X

2
0



. (3.12)

Remark. A s.f.t.s. with X0� � 0 is determined by the strategy in the risky asset
pXtq0¤t¤T and the initial value in the cash account Y0�. The process pYtq0¤t¤T is given
by (3.11).

3.1.3. Liquidity costs of s.f.t.s.

In addition to VM we de�ne the following processes.

De�nition 3.12. For a trading strategy (X,Y) we denote by V CpX,Y q the value of the
portfolio pXt, Ytq at time t in an in�nitely liquid market (classical theory)

V C
t � V C

t pX,Y q � Yt �XtSt, 0 ¤ t ¤ T.

De�nition 3.13. For a trading strategy pX,Y q let V LpX,Y q be the value of the portfolio
pXt, Ytq at time t if it is immediately liquidated

V L
t � V L

t pX,Y q � Yt �XtS
X
t , 0 ¤ t ¤ T.
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3. The impact of liquidity

Remark. In an in�nitely liquid market a s.f.t.s. pX, pY q satis�es
V C
t pX, pY q � V C

s pX, pY q � » t
s
Xu�dSu. (3.13)

We refer to liquidity cost as additional cost a trader has to pay because the traded assets
are not in�nitely liquid.

De�nition 3.14. The liquidity costs Lt of a s.f.t.s. pX,Y q are given as the di�erence

between the value V C
t pXt, pYtq, where pX, pY q is a self �nancing trading strategy in an

in�nitely liquid market (M=0), and the value V C
t pX,Y q. By (3.13) for t P r0, T s

Lt � LtpX,Y q � Y0� �
» t

0
Xu�dSu � V C

t pX,Y q.

From the de�nition of Lt it follows that�
V C
t � Lt

�� �
V C
s � Ls

� � » t
s
Xu�dSu, 0 ¤ s ¤ t ¤ T.

Note that this is consistent with the de�nition of a s.f.t.s in classical arbitrage theory if
there are no liquidity costs.

Proposition 3.15. The liquidity costs of a s.f.t.s pX,Y q with X0� � 0 are

Lt � λ

�» t
0
pXt �Xu�q2 dMu �M0X

2
t



� p1� λq

�» t
0
Mu�d rX,Xsu �M0X

2
0



.

Proof. By (3.11) with X0� � 0,

Yt �Xt

�
SXt� � λMtXt

� � Y0� �
» t

0
Xu�dSu � λ

» t
0
X2
u�dMu

� p1� λq
�» t

0
Mu�d rX,Xsu �M0X

2
0



.

Using (3.6) we obtain

Yt �XtSt � λ

�
pMt �M0qX2

t � 2Xt

» t
0
Xu�dMu �

» t
0
pXu�q2dMu



� λM0X

2
t

� p1� λq
�» t

0
Mu�d rX,Xsu �M0X

2
0



� Y0� �

» t
0
Xu�dSu

or equivalently

λ

�» t
0
pXt �Xu�q2 dMu �M0X

2
t



� p1� λq

�» t
0
Mu�d rX,Xsu �M0X

2
0



� Y0� �

» t
0
Xu�dSu � V C

t pX,Y q � Lt.

�
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3. The impact of liquidity

While the second term of these costs, which is due to the quadratic variation of X ,

p1� λq
�» t

0
Mu�d rX,Xsu �M0X

2
0



is positiv, we can not make any statement about the sign of the term

λ

�» t
0
pXt �Xu�q2 dMu �M0X

2
t



.

Note that the investor always has a certain bene�t if the process M decreases, which
means that the stock becomes more liquid. It might happen that the liquidity costs are
negative in total. In that case the investor bene�ts from the stock being not perfectly
liquid.

The liquidity costs are not linear. To see this, consider a s.f.t.s. pX,Y q. For a
constant a ¡ 0 we build a trading strategy paXtqt¤T , such that for every time 0 ¤ t ¤ T
we invest aXt shares in the risky asset. This leads to the following liquidity costs

LtpaXq � λ

�» t
0
paXt � aXs�q2 dMs � a2M0X

2
t



� p1� λq

�» t
0
Ms�d raX, aXss � a2M0X

2
0



� a2LtpXq.

In this sense the additional costs due to liquidity are quadratic in the number of stock
shares we purchase. An informed trader, could exploit this situation. To illustrate this
think of an investor, who buys x shares at time s. The price of the stock goes up higher
after his purchase (Ss� � SXs � 2λMsxq. Now the trader waits until time t when the
conditions are good to sell the shares. Assuming that the trader does not place any
orders within the time ps, tq this leads to a bene�t of

xpSt � Ssq � x2p2λMs �Mt �Msq.
If the trader is patient enough to wait untilMt ¤Msp2λ�1q, the bene�t of an investment
is of quadratic growth in the number of purchased shares. This suggests that large traders
who are willing to buy big amounts of shares can manipulate the market and manage
to obtain a proportional higher bene�t. To make sure this does not happen, we want M
to be a submartingale. Then, ErMt | Fss ¥ Ms ¥ Msp2λ � 1q. In Section 3.2 we show
that this condition is su�cient to rule out arbitrage opportunities.

Example: Liquidity costs in a model with constant liquidity

We assume that the liquidity is constant,

Mt �M, 0 ¤ t ¤ T.
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3. The impact of liquidity

By (3.7) with X0� � 0 the observed quoted price is SXt � St � 2λMXt� and by (3.8)
the average price for ∆Xt shares is

SXt p∆Xtq � St �MXt�p2λ� 1q �MXt. (3.14)

A trading strategy pX,Y q with X0� � 0 is self-�nancing if and only if

pV C
t � Ltq � pV C

0 � L0q �
» t

0
Xu�dSu, 0 ¤ t ¤ T.

The corresponding liquidity costs are

Lt � λMX2
t � p1� λq �M rX,Xst �X2

0

�
. (3.15)

We observe that in this model the liquidity costs at every time t are positiv,

Lt ¥ 0.

Note that any self-�nancing trading strategy with X0 � 0 which is continuous and of
�nite variation and liquidates all stock shares at maturity T, e.g. XT � 0, has �nal
liquidity costs LT � 0.

3.1.4. The cost of turning around a position

As stated by A. Kyle [1] a liquidity model should deal with the following dimensions:

� Resiliency: The rate at which prices bounce back from a shock.

� Depth: The size of order �ow required to change prices a given amount.

� Tightness: The cost of turning around a position over a short period of time.

This liquidity-risk model of A. Roch deals with all of these dimensions. The (short-term)
resiliency is given by p1 � λq. The depth is de�ned as the size of the order �ow, which
is required to change the price by one unit. This means the price impact that occurs
immediately after a trade has to be 2λMtXt � 1 and the depth therefore is 1

2λMt
.

The tightness is related to the best trading strategy of the model. Later on we
show that continuous trading strategies with �nite variation play a key role when it
comes to the replication of contingent claims. As a motivation, have a look at a trader
who wants to purchase x shares of a stock within the time rt, t � ∆ts. If the trader
decides to buy x shares immediately at time t the costs are

SXt pxq � SXt x�Mtx
2.
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3. The impact of liquidity

The resulting cost due to liquidity risk are less if the trader places n smaller orders at
time t � i∆t

n (i � 1, ..., n) with size of 1
nX shares per order instead. The processes M

and S are continuous and for ∆t small Mt �Mt�∆t and the price

SX
t�i∆t

n

px
n
q � St � pi� 1q2λMt

x

n
�Mt

x

n
.

Then the total cost for this series of trades is

ņ

i�1

x

n

�
St � pi� 1q2λMt

x

n
�Mt

x

n

	
� xSt � npn� 1q

2n2
2λMtx

2 �Mt
x2

n
ÝÑ xSt � λMtx

2 for nÑ8.

As a consequence the trader is better o� if he splits the trade into smaller parts. This
remains true if we want to sell the shares. The trader keeps a portfolio pXt, Ytq at time
t and he or she wants to liquidate it immediately after time t the value is Yt�XtpSXt��
MtXtq. But if the trader splits the liquidation process into several trades of small size
the maximum value that can be obtained at time t� is VM

t � Yt �XtpSXt� � λMtXtq.
Because SXt� � 2λMtx is the quoted stock price if x shares are liquidated after the last
trade at time t, the limit of the proceeds VM

t may be represented as

Yt �XtpSXt� � λMtXtq � Yt �
» Xt

0
SXt� � 2λMtx dx.

This value is called asymptotically realizeable wealth and is higher than the imme-
diate liquidation value. See Bank and Baum [2] in this context.

No matter whether the position is long or short, the trader is better o� if he splits the
trades into smaller parts. This way we may assume that the best way of trading is to
use continuous trading strategies of �nite variation. We take up this idea in Chapter 4.

3.2. Arbitrage-Theory

In a real economy the price of a product is determined by its demand and supply. As a
consequence arbitrage opportunities vanish within little time. An arbitrage opportunity
is a trading strategy which leads to a bene�t without taking any risk. Of course we
also want to eliminate these opportunities in the liquidity risk model. We therefore
assign our market with trading restrictions, such that only speci�c trading strategies
are allowed which rule out arbitrage.
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3. The impact of liquidity

A bene�t without taking any risk, means that the trader uses a s.f.t.s such that
the portfolio at time t converted into cash is bigger than the initial value of the cash
account. The bene�t is measured in cash. We therefore only consider trading strategies
where all stock shares have been liquidated before or at time T or equivalently strategies
with

XT � 0.

Hence,
V L
T pX,Y q � V C

T pX,Y q � VM
T pX,Y q � YT .

Similar to the de�nition of a Free lunch with vanishing risk in Delbaen and Schacher-
mayer [6], we also want to eliminate sequences of trading strategies which cause a bene�t
with asymptotically vanishing risk, which we refer to as asymptotic arbitrage.

De�nition 3.16. (Arbitrage)

� A self-�nancing trading strategy pX,Y q with Y0� � X0� � 0 and XT � 0 is called

arbitrage if

P pYT ¥ 0q � 1 and P pYT ¡ 0q ¡ 0.

� A sequence of self-�nancing trading strategies ppXn, Y nqqn¥0 with Y n
0� � Xn

0� � 0
and Xn

T � 0 is called asymptotic arbitrage if

Y n
T

L1Ñ HT

with convergence in L1, where

P pHT ¥ 0q � 1 and P pHT ¡ 0q ¡ 0.

If there are no (asymptotic) arbitrage opportunities in a set of trading strategies, we call

this set free of (asymptotic) arbitrage.

We show that the following assumption are su�cient to rule out arbitrage opportunities.

Assumption 3.17. From now on we assume that there exists an equivalent measure
Q � P such that

(M1) the una�ected price process pStqt¥0 is a Q-local martingale,

(M2) the illiquidity process M is a Q-local submartingale.
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3. The impact of liquidity

By Doob-Meyer decomposition for a a Q-local submartingale M there exists a local
martingale M and a predictable increasing process A with A0 � 0, such that

M �M �A.

Using the following de�nition of admissible trading strategies, it turns out that the set
of admissible trading strategies is free of arbitrage and even free of asymptotic arbitrage.

De�nition 3.18. Let Q be an equivalent martingale measure which satis�es the as-

sumption 3.17 and let M � M � A be the Doob-Meyer decomposition of the Q-local
submartingale M. A trading strategy pX,Y q is called admissible (with respect to Q ) if

the process

Ut � UtpXq �
» t

0
Xu�dSu � λ

» t
0
X2
u�dMu, 0 ¤ t ¤ T,

is a Q-Supermartingal. A sequence ppXn, Y nqqn¥1 is called admissible if pXn, Y nq is an
admissible trading strategy for every n.

The following lemma shows that this de�nition of admissible trading strategies is consis-
tent with the de�nition in classical theory, where the stock is in�nitely liquid (M � 0).
In classical arbitrage theory an admissible trading strategy X satis�es» t

0
Xu�dSu ¥ �K

for some K ¥ 0. The payo� in classical theory is bounded from below, which suggests
that not every amount of money can be borrowed.

Lemma 3.19. A trading strategy pX,Y q is admissible, if the process U is bounded from

below.

Proof. From the general theory of stochastic integrals we know that U is a Q-local
martingale. Every local martingale which is bounded from below is a supermartingale.

�

Theorem 3.20. Given assumption 3.17, there exists

� no admissible arbitrage opportunity,

� no admissible asymptotic arbitrage opportunity.
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3. The impact of liquidity

Proof. Let us consider an admissible s.f.t.s (X,Y). Because Y0� � 0 and XT � 0 by
(3.12) its payo� at time T can be written as

YT �
» T

0
Xu�dSu � λ

» T
0
X2
u�dMu � p1� λq

�» T
0
Mu�drX,Xsu �M0X

2
0



.

This yields

UT �
» T

0
Xu�dSu � λ

» T
0
X2
u�dMu

� YT � λ

» T
0
X2
u�dAu � p1� λq

�» T
0
Mu�drX,Xsu �M0X

2
0



.

Because (X,Y) is admissible, U is a Q-Supermartingale and consequently EQrUT s ¤
U0 � 0. Therefore,

EQrYT s � EQ
�
UT � λ

» T
0
X2
u�dAuloooooomoooooon
¥0

�p1� λq
�» T

0
Mu�drX,Xsu �M0X

2
0



loooooooooooooooooooooooomoooooooooooooooooooooooon

¥0

�
¤ 0

Since QpYT ¥ 0q � PpYT ¥ 0q � 1, we know that

PpYT � 0q � QpYT � 0q � 1.

Therefore (X,Y) is not an arbitrage. For the second part let ppXn, Y nqqn¥1 be a sequence
of self-�nancing admissible trading strategies with Y n

0� � 0 and Xn
T � 0 for every n.

Similar to the �rst part of the proof we get

EQrY n
T s ¤ 0.

If Y n
T Ñ HT in L1, it follows that

EQrY n
T s Ñ EQrHT s ¤ 0

where HT ¥ 0 Q-a.s.. We conclude

PpHT � 0q � QpHT � 0q � 1,

which contradicts asymptotic arbitrage.
�

3.3. The approximate replication of a contingent claim

We are interested in the impact of liquidity of the underlying asset on the price of
contingent claims. We therefore try to replicate a contingent claim by trading the basic
assets of our economy.

27



3. The impact of liquidity

De�nition 3.21. A contingent claim is a FT -measureable random variable H which

is integrable with respect to Q,
EQ r|H|s   8.

We want the value of the trading strategy at time T to be equal to the payo� of the
claim H.

De�nition 3.22. The exact replication problem of a contingent claim H consists of

�nding an admissible s.f.t.s. pX,Y q with X0� � 0 which satis�es

V L
T pX,Y q � H P-a.s..

Depending on the delivery of a claim (cash or physical), we have to impose requirements
on XT and YT , which lead to di�erent replication problems. In the following de�nition of
an approximating sequence of trading strategies we require Xn

T � 0, which corresponds
to a cash delivery problem. In Section 3.3.1 we justify this assumption.

De�nition 3.23. A claim H is approximately replicable, if there exists an admissible

sequence of s.f.t.s. ppXn, Y nqqn¥1, with X
n
0� � Xn

T � 0 for every n, which satis�es

V L
T pXn, Y nq � Y n

T
L1ÝÑ H.

The sequence ppXn, Y nqqn¥1 is called (admissible) approximating sequence. De-

note by ΦapHq the set of all (admissible) approximating sequences for H.

De�nition 3.24. A market is called approximately complete, if every Q-integrable
contingent claim H is approximately replicable.

We can not show that every claim H can be replicated, but it turns out that every
Q-integrable claim can be approximately replicated using a sequence of s.f.t.s. (see
Chapter 4).

Remark. One would like to consider claims which are functions of the observed quoted
stock price at maturity T, H � hpSXT q. Note that in our model the observed quoted
stock price itself depends on the trading strategy X � pXtq0¤t¤T . As a consequence the
true replication of H is an implicit problem. We do not consider such implicit problems.
As an approximation we deal with claims of the form

H � hpS pX
T q

where pX � p pXtq0¤t¤T is the hedge of the claim H in a model without liquidity risk.pX and therefore the claim H are independent of the replication strategy X. With the
exception of Chapter 4.4 the claim H is an arbitrary Q-integrable random variable
independent of X.
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3. The impact of liquidity

3.3.1. Physical- vs Cash-Delivery

Because of the non-trivial supply curve, the portfolio pXT , YT q can not be liquidated
without causing additional costs. In fact the asymptotically realizeable wealth, which
results if we piecewise sell our shares after time T as fast as possible, is given by
VM
T pX,Y q � YT � XT pSXT� � λMTXT q. In general this value di�ers form the value

of the portfolio V L
T pX,Y q � YT �XTS

X
T . As a consequence the replication of a �nancial

derivative, which claims stock shares at maturity, is not identical to the replication of
a derivative, where cash is delivered. In fact a general contigent claim consists of two
positions

pHC , HP q
where HC is the position of the claim which is delivered in cash and HP is the number
of stock shares that are delivered at maturity. When replicating this claim, we want to
�nd a s.f.t.s with XT � HP and

V L
T pX,Y q � HC �HPS

pX
T .

For instance, consider a European-Call option. The owner of the option is delivered a

stock share if the stock price S
pX
T is bigger than the strike price K at maturity and there-

fore has to pay the strike price K in cash ( e.g. HP � 1!
S
xX
T ¡K

) andHC � �K1!
S
xX
T ¡K

) ).

Depending on the delivery, we have to face di�erent replication problems:

� Cash-Delivery: If the claim has cash-delivery the long position in the option re-
ceives cash at maturity and HP � 0. As a consequence all shares in the underlying
stock must be liquidated before or at maturity. Thus, we want to �nd a s.f.t.s.
pX,Y q such that XT � 0 and YT � HC .

� Physical- or Mixed-Delivery: We consider a claim which has both physical and
cash delivery. At maturity the owner of the claim is delivered a certain amount
HP of stock shares and HC in cash. We have already mentioned that the cheapest
way of trading is to split trades into tiny packages. Hence, let us assume that
∆XT � 0. The owner of the stock position changes, but no stock shares are
purchased or sold at time T . The replication problem consists of �nding a s.f.t.s.

(X,Y) with XT � HP and VT pX,Y q � HC �HPS
pX
T .

We show that the mixed delivery problem has an asymptotic solution if an associated
cash delivery problem has an asymptotic solution.

Therefore, consider a claim pHC , HP q which has both, a physical and a cash posi-

tion. We assume that HP is bounded and de�ne H � HC � HPS
pX
T . We build a new

claim p rHC , rHP q with rHP � 0 and

rHC � H � λMT pHP q2.
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3. The impact of liquidity

In Theorem 4.9 we show that if rHC is Q-integrable, there exists an approximating
sequence ppXn, Y nqqn¥1 of bounded continuous trading strategies with Xn

0 � Xn
T � 0.

Thus,

V L
T pXn, Y nq � Y n

0� �
» T

0
Xn
u�dSu � λ

» T
0
pXn

u�q2dMu
L1Ñ rHC . (3.16)

We assume that ppXn, Y nqqn¥1 is known. For every n su�ciently large we construct a
sequence of trading strategies pp rXn,m, rY n,mqqm¥1 with rY n,m

0� � Y n
0� and

rXn,m
t �

#
Xn
t for 0 ¤ t   T � 1

m ,

EQrHP | Fts � pXn
T� 1

m

� EQrHP | FtsqpT � tqm for T � 1
m ¤ t ¤ T.

Note that rXn,m
T � HP for every n. We only consider continuous processes S and M in

H2p0, T q (See De�nition A.2). For every pn,mq we apply Theorem A.4 with k=1 to get
a sequence of continuous trading strategies of �nite variation pp rXn,m,l, rY n,m,lqql¥1 withrY n,m,l

0� � Y n
0� and rXn,m,l

T Ñ HP for l Ñ 8. By Theorem A.4 and Theorem A.5 with
k=1 » t

0

rXn,m,l
u� dSu

L2ÝÑ
» t

0
Xn
u�dSu, (3.17)

for l,mÑ8. The same theorems with k=2 yield» t
0
p rXn,m,l

u� q2dMu
L2ÝÑ

» t
0
pXn

u�q2dMu, (3.18)

for l,mÑ8. By (3.11) with ∆ rXn,m,l
T � 0, rXn,m,l

0 � 0 and r rXn,m,l, rXn,m,ls � 0,

V L
T p rXn,m,l, rY n,m,lq � rY n,m,l

0� �
» T

0

rXn,m,l
u� dSu � λ

» T
0
p rXn,m,l

u� q2dMu � λMT p rXn,m,l
T q2.

For l,mÑ8 by (3.17) and (3.18)

V L
T p rXn,m,l, rY n,m,lq L2ÝÑY n

0� �
» T

0
Xn
u�dSu � λ

» T
0
pXn

u�q2dMu � λMT pHP q2

� V L
T pXn, Y nq � λMT pHP q2.

Together with (3.16) we get

V L
T p rXn,m,l, rY n,m,lq L1ÝÑ rHC � λMT pHP q2 � H

for l,m, n Ñ 8 with rXn,m,l
T Ñ HP . Hence, there exists an approximate replication

strategy for the contingent claim (HC , HP ).

We therefore assume that the contingent claim H requires cash at maturity. Thus,rHP � 0, rHC � H. Consequently, we restrict our trades to strategies with XT � 0.
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3. The impact of liquidity

3.3.2. The minimal replication value

De�nition 3.25. The minimal replication value (of admissible sequences) of an

approximately replicable contingent claim H is

πa0pHq � inf
 
lim inf Y n

0�, where ppXn, Y nqqn¥1 P ΦapHq( .
Here ΦapHq denotes the set of all admissible sequences of trading strategies which asym-
totically replicate H.

In classical arbitrage theory the fair price of a product is given by its expectation. This
is in general not true for the minimal replication value in the model with liquidity risk.
For an admissible trading strategy the expected additional costs due to the liquidity of
an asset are positive. As a consequence, the minimal replication value is equal or bigger
to the expected output.

Lemma 3.26. Let H be a contigent claim. If H is approximately replicable, then the

minimal replication value satis�es

πa0pHq ¥ EQ rHs .

Proof. Let ppXn, Y nqqn¥1 be an approximating sequence such that limnÑ8 V L
T pXn, Y nq �

H. By (3.12) and UpXnq in De�nition 3.18,

V L
T pXn, Y nq � Y n

0� �
» T

0
Xn
u�dSu � λ

» T
0
pXn

u�q2dMu

� p1� λq
�» T

0
Mud rXn, Xnsu �M0pXn

0 q2



¤ Y n
0� � UT pXnq.

Because pXn, Y nq is admissible, the process UpXnq is a supermartingale. Hence for
every n

Y n
0� ¥ EQrHs.

This is true for all approximating sequences and therefore for the in�mum.
�

In classical arbitrage theory the fair price of a contingent claim is unique and inde-
pendent of the replication strategy. The price is determined such that the economy
extended with the trade of the contigent claim is free of arbitrage and it can be shown
that every other price causes arbitrage opportunities. In the model with liquidity
risk where ppXn, Y nqqn¥1 is an approximating sequence for a claim H, the sequence
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3. The impact of liquidity

pp�Xn,�Y nqqn¥1 does in general not replicate p�Hq. Hence, �πtp�Hq � πtpHq and
because of Lemma 3.26 we get that

�πa0p�Hq ¤ EQrHs ¤ πa0pHq.

In Section 3.1.3 we have seen that the impact of a trading strategy X on the liquidity
costs is not linear. As a consequence the replication costs if we purchase x shares of a
�nancial derivative are in general not equal to x times the replication costs of one share.

For a claim H � hpS pX
T q we are also interested in the average replication costs depending

on the number of purchased shares x. We therefore consider the claim

Hx � hpSx pXT q

where pX is the (continuous) hedge in a model without liquidity risk, x P R and Sx
pX

T

by (3.7). Since the stock is not in�nitely liquid, it is reasonable to deduce that the
contingent claim, depending on the stock, is not in�nitely liquid too. Similar to the
price of the stock, the average price of the contingent claim in the extended economy is
given by a supply curve. In Section 4.4 we show that if h is continuous and bounded,
the average price per share converges to EQrhpST qs for xÑ 0.
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4. The replication in a general model

Let B � pB1, ..., Bdq be a d-dimensional Brownian motion with respect to Q and F the
canonical �ltration of B which satsi�es the usual conditions. We specify the dynamics
of the una�ected quoted stock price S and the liquidity process M in terms of B and
extend our economy with (d � 1) additional assets. We then show that the market
is approximately complete. The approximating sequence converges to the solution of a
backward stochastic di�erential equation and the minimal replication value is determined
by the minimal solution of this equation.

4.1. The extended economy

The dynamcis of the price process and the liquidity process M are de�ned by given
continuous processes

ψij � pψij,tq0¤t¤T p0 ¤ i ¤ d, 1 ¤ j ¤ dq,

which are adapted to F , integrable with respect to B and ψk1 � 0 for k � 2, ..., d. For
0 ¤ u ¤ T

dSu �
ḑ

j�1

ψ1
j,udBj,u with S0 ¡ 0

and

dMu � ψ0
1,udu�

ḑ

j�2

ψ0
j,udBj,u with M0 ¡ 0.

The contingent claim depends on d independent processes B1, ..., Bd. In order to hedge
the risk coming from these processes we have to extend our economy with (d� 1) addi-
tional assets. We denote their (una�ected) quoted price process by Gk (2 ¤ k ¤ d) and
assume

dGku �
ḑ

j�2

ψkj,udBj,u with Gk0 ¡ 0.
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Roch uses variance swaps to complete the market, which �t into the above pattern (see
Proposition 3.1 in [3]). We assume that the above stochastic di�erential equations have
a unique strong solution. Furthermore the process M is non-negative and

ψ0
1 ¥ 0.

Then M is a positive Q-submartingale. We assume that the average price per share
Gkt pxq, when x shares of the product k at time t are purchased, depends on the slope
Mk
t of its supply curve, e.g.

Gkt pxq � Gkt �Mk
t x.

A trade of x shares leads to a bid-ask spread, which is re�lled with both bid and ask
orders. Denoting by λk the resiliency parameter of the k-th asset, this causes a price
impact of 2λkMk

t x immediately after the trade. We only use �nancial derivatives Gk

which are frequently traded. For simplicity we assume that the liquidity process is
constant. Thus for k � 2, ..., d

Mk
t �Mk, 0 ¤ t ¤ T.

We are trading the product k due to a semimartingale χk � pχkt qt¤T . The observed

quoted price process Gχ
k

t depends on the trader's history χk. By (3.6) and (3.14)

Gχ
k

t p∆χkt q � Gχ
k

t� � 2λk∆χkt with Gχ
k

t� � Gkt � 2λkMkχkt .

A trading strategy in the extended market is a (d� 1)-dimensional process

pXt, χ
2
t , ..., χ

d
t , Ytqt¤T .

At every time t the hedger holds Yt in the risk free asset, Xt shares in the stock and
χk in the additional assets (k=2,...,d). For simplicity we refer to it as pX,χ, Y q, where
χ � pχ2, ..., χdq. We again assume that the trader does not hold any shares before time
0, e.g. X0� � χk0� � 0 and since we want to replicate a claim which delivers cash at
maturity we require XT � χT � 0. Consequently, the value of a trading strategy at
maturity is

V L
T pX,χ, Y q � YT .

We have to adapt the de�nition of a self-�nancing trading strategy and admissibility
to the extended model. Similar to De�nition 3.7 we call a trading strategy pX,χ, Y q
self-�nancing if its total costs are 0. Analogously to Proposition 3.8 it can be shown
that this is equivalent to the following de�nition.

De�nition 4.1. A trading strategy pX,χ, Y q with X0� � χk0� � XT � χkT � 0 (k �
2, ..., d) is called self-�nancing (s.f.t.s.) if and only if

Yt �XtpSXt� � λMtXtq �
ḑ

k�2

χkt pGχ
k

t� � λkMkχkt q

� Y0� �
» t

0
Xu�dSu �

ḑ

k�2

» t
0
χku�dG

k
u � λ

» t
0
X2
u�dMu �QV pX,χqt (4.1)
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where

QV pX,χqt � p1� λq
�» t

0
Mud rX,Xsu �M0X

2
0



�

ḑ

k�2

p1� λkqMk
u

��
χk, χk

�
t
� pχk0q2

	
. (4.2)

By (4.1) the initial value in the cash account is

Y0� � Y0 �X0pS0 �M0X0q �
ḑ

k�2

χk0pGk0 �Mkχk0q.

The process

VM
t � VM

t pX,χ, Y q � Yt �XtpSXt� � λMtXtq �
ḑ

k�2

χkt pGχ
k

t� � λkMkχkt q

denotes the maximal realizeable wealth of the portfolio pXt, χt, Ytq. See Section 3.1.4.
QV pX,χq are the costs coming from the quadratic variation. Note that QV is zero if
the trading strategy is continuous and of �nite variation with X0 � χ2

0 � ... � χd0 � 0.
In terms of B this reads

VM
t pX,χ, Y q � Y0� �

» t
0
Xu�ψ1

1,udB1,u � λ

» t
0
X2
u�ψ

0
1,udu

�
ḑ

j�2

» t
0

�
Xu�ψ1

j,u � pXu�q2ψ0
j,u �

ḑ

k�2

χku�ψ
k
j,u

�
dBj,u �QV pX,χqt

� Y0� �
ḑ

j�1

» t
0
Zj,udBj,u � λ

» t
0
Z2

1,uΘudu�QV pX,χqt, (4.3)

where Θu � ψ0
1,u

pψ1
1,uq2

¥ 0 and

Z1,u � Xu�ψ1
1,u, (4.4)

Zj,u �
�
Xu�ψ1

j,u � pXu�q2ψ0
j,u �

ḑ

k�2

χku�ψ
k
j,u

�
, 2 ¤ j ¤ d. (4.5)

In matrix notation�������
Z2,u

...

Zd,u

�������

�������
ψ2

2,u . . . ψd2,u

...
. . .

...

ψ2
d,u . . . ψdd,u

������
loooooooooooooomoooooooooooooon

Ψ2,d
u

�������
χ2
u�

...

χdu�

�������
�������
ψ1

2,uXu� � ψ0
2,upXu�q2

...

ψ1
d,uXu� � ψ0

d,upXu�q2

������
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4. The replication in a general model

This transformation has to be invertible. We therefore assume that the matrix

Ψu � pψkj,uq1¤k,j¤d �
�
ψ1

1,u 0

0 Ψ2,d
u



is invertible for 0 ¤ u ¤ T . Then, for a given Z � pZ1, ..., Zdq we obtain processes X
and χ with

Xu� � Z1,u

ψ1
1,u

(4.6)

and ���χ
2
u�
...

χdu�

���
�� Ψ2,d

u

��1
���Z

2
u � ψ1

2,uXu� � ψ0
2,upXu�q2

...
Zdu � ψ1

d,uXu� � ψ0
d,upXu�q2

��. (4.7)

De�nition 4.2. Let M � M � A be the Doob-Meyer decomposition of the Q-local
submartingale M. For t ¤ T we de�ne the process U by

Ut � UtpX,χq �
» t

0
Xu�dSu �

ḑ

k�2

» t
0
χku�dG

k
u � λ

» t
0
X2
u�dMu.

�
ḑ

j�1

» t
0
Zj,udBj,u.

with Z by (4.4) and (4.5). A trading strategy pX,χ, Y q is called L2-admissible (with

respect to Q ) if the process U is square integrable,

EQ
�

sup
0¤t¤T

U2
t

�
  8.

A sequence ppXn, χn, Y nqqn¥1 is called L
2-admissible if pXn, χn, Y nq is an L2-admissible

trading strategy for every n. and Zn by (4.4) and (4.5) converges to Z almost surely

with

EQr
» T

0
Z2
udus   8.

Remark. To make sure the market is free of arbitrage, it is su�cient to require that
the process U is a supermartingale, e.g. the corresponding strategy is admissible. The
additional restrictions to L2-admissible trading strategies and L2-admissible sequences
are necessary to make statements about the minimal replication value. See Theorem
4.12 and Theorem 4.13.

The process U of an L2-admissible trading strategy is a square integrable Q-Martingale.
The results of Chapter 3.2, in particular Theorem 3.20, can easily be adapted to the
extended model.
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4. The replication in a general model

Theorem 4.3. Since S and Gk are Q-local martingales and M is a Q-local submartin-
gale, there exists

� no admissible arbitrage opportunity,

� no admissible asymptotical arbitrage opportunity.

Proof. Analogously to Theorem 3.20. �

Example: The stochastic volatility model of A. Roch

A. Roch [3] uses a stochastic volatility model to specify the dynamics of the una�ected
stock price S and the liquidity process M. His model deals with three di�erent sources
of risk:

� The una�ected stock price S,

� The volatility Σ of the stock,

� The level of liquidity M .

Roch de�nes the quoted price process S as the solution of

dSt � ΣtStdW1,t, S0 ¡ 0.

The processes Σ and M are de�ned in terms of U and V, which satisfy

dUt � γpUt � ηqdt� ΓpUtqdW2,t, U0 ¡ 0,

dVt � αpVt � aqdt� ΛpVtqdW3,t, V0 ¡ 0.

Here γ, η, α, a P R and W � pWi,tq0¤t¤T,i�1,2,3 is a Brownian motion with correlated
components. The functions Λ and Γ are chosen such that the solutions of the above
stochastic di�erential equations are well de�ned. Then,

Σt �
a
Ut � Vt and Mt �

c
Ut
κ
,

for some κ ¡ 0. To hedge the risks which are induced by the processes M , Σ and S,
Roch expands the model with two additional assets. Empirical works have shown that
the liquidity is in part correlated to the variance of the log-returns of a stock. Therefore
he uses two variance swaps

GiTi �
» Ti

0
Σ2
udu�Ki, pi � 1, 2q,

with maturity T1 � T2 and strike price Ki, as intruments to complete the market. He
shows that the corresponding matrix Ψt is invertible at every time t P r0, T s. In addition
Roch proves that the constructed replication strategy is a viscosity solution of a partial
di�erential equation. For details see Roch [2].
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4. The replication in a general model

4.2. Smooth trading strategies and the replication problem

We want to approximately replicate a Q-integrable claim H. This means we try to �nd
a sequence of (L2) admissible s.f.t.s. ppXn, χn, Y nqqn¥1 � ppXn, χ2,n, ..., χd,n, Y nqqn¥1,

with Xn
0� � Xn

T � χk,n0� � χk,nT � 0 for k � 2, ..., d, which satis�es

V L
T pXn, χn, Y nq � Y n

T
L1ÝÑ H.

Costs can be avoided when we are using continuous trading strategies of �nite variation
(smooth trading strategies). Theorem A.6 highlights the special nature of these strate-
gies when it comes to the replication of contingent claims.

In order to show the existence of asymptotic solutions for an integrable claim H,
we deal with the following backward stochastic di�erential equation (BSDE).

De�nition 4.4. For a stopping time τ ¤ T and a Fτ measureable random variable H,

which is integrable with respect to Q, consider the BSDE

dVt �
ḑ

j�1

Zj,tdBj,t � λfpt, Z1,tqdt, 0 ¤ t ¤ τ, (4.8)

with continuous generator fpt, zq � λz2Θt and terminal condition Vτ � H. This is

equivalent to the stochastic integral equation

Vt � H � λ

» T
t
1tu¤τuZ2

1,uΘudu�
ḑ

j�1

» T
t
1tu¤τuZj,udBj,u, 0 ¤ t ¤ T.

A (d� 1)-dimensional progessively measureable process pZ, V q � pZ1,t, ..., Zd,t, Vtq0¤t¤T ,
which is adapted to the �ltration F and satis�es equation (4.8), is called solution of the

BSDE if Zt � 0 and Vt � Vτ for t P rτ, T s and

EQr
» τ

0

��Z2
u

�� dus   8.

A solution pZ�, V �q is called minimal if for any solution pZ, V q of (4.8) and t ¥ 0

V �
t^τ ¤ Vt^τ .

Theorem 4.5. The BSDE (4.8) has at least one solution if

(i) D γ ¡ 0 : 1tt¤τuΘt ¤ γ, for 0 ¤ t ¤ T and

(ii) D λ ¡ γ : EQ rexppλ |H|qs   8.

Proof. See Theorem 2 in P. Briand and Y. Hu [13].
�
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4. The replication in a general model

Theorem 4.6. Let H and H
1

with H ¤ H
1

be Fτ measureable random variables and

(i) D γ ¡ 0 : 1tt¤τuΘt ¤ γ, for 0 ¤ t ¤ T ,

(ii) EQ
�
exppλ |H| � λ

���H 1

���q�   8 for all λ ¡ 0.

If pZ, V q is a solution of (4.8) with terminal condition H and pZ 1

, V
1q a solution with

terminal condition H
1

, then

V0 ¤ V
1

0 .

Proof. See Theorem 5 in [14].
�

Corollary 4.7. If Θ is uniformly bounded, the solution of the BSDE (4.8) is unique

amongst all solutions which have moments of all order.

Proof. By Theorem 4.6 and Corollary 4 in [14]. �

If Θ is uniformly bounded and H is bounded, the conditions of Corollary 4.7 are
satis�ed and the equation has a unique solution. Also see Delbaen, Hu and Richou [7]
on the uniqueness of quadratic BSDEs with convex generators and unbounded terminal
conditions.

Remark. For a solution pZ, V q of the BSDE (4.8) we get processes X and χ by (4.6)
and (4.7). If X and χ are continuous and of �nite variation, then V � VM pX,χ, Y q is
the maximal realizeable wealth of the s.f.t.s. pX,χ, Y q with Y determined by (4.1). See
(4.3).

In case there exists a solution of the BSDE (4.8) with terminal condition H we construct
a sequence of smooth trading strategies with self-�nancing and L2-admissible elements
which approximately replicates H

Lemma 4.8. Let τ ¤ T be a stopping time and H a Q-integrable, Fτ measureable

random variable. We assume there exists a solution pZ, V q of the BSDE (4.8), the

matrix Ψt is invertible for t P r0, T s and for a constant K ¡ 0

(i) 0   1tt¤τuΘt � 1tt¤τu
ψ0

1,t

pψ1
1,tq2

  K for t P r0, T s and

(ii) 1tt¤τu
���ψij,t���   K for t P r0, T s and pi, jq P t0, .., du � t1, ..., du .
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4. The replication in a general model

Then there exists an L2-admissible sequence ppXn, χn, Y nqqn¥1 of s.f.t.s. such that Y
n

0 �
V0 and for nÑ8

Y n
T

L1Ñ H.

Proof. Let pZt, Vtq0¤t¤T be a solution of the BSDE (4.8). With Z in (4.6) and (4.7) we
transform this solution to pX,χ, V q � pXt, χt, Vtq0¤t¤T , with Xt � χt � 0 and Vt � Vτ
for t P rτ, T s. Then pX,χ, V q solves the equation

H � V0 �
» T

0
Xu�dSu �

ḑ

k�2

» T
0
χku�dG

k
u � λ

» T
0
X2
u�dMu. (4.9)

Let us de�ne the bounded processes

X
m � X1t|X|¤m X |χ|¤mu and χm � χ1t|X|¤m X |χ|¤mu. (4.10)

Because of piiq these processes satisfy

Er
» T

0
pXm

u�q2drS, Ssus   8 and Er
» T

0
pχmu�q2drG,Gsus   8.

By Theorem A.6 we get a sequence of continuous, bounded processes X
m,n

, χm,n, with
X
m,n
0 � X

m,n
T � χm,n0 � χm,nT � 0, such that for nÑ8» T

0
X
m,n
u� dSu

L2ÝÑ
» T

0
X
m
u�dSu, (4.11)» T

0
χm,nu� dGu

L2ÝÑ
» T

0
χmu�dGu. (4.12)

Because the processes are bounded, X
m,n

(resp. χm,n) is square-integrable with respect
to rS, Ss (resp. rG,Gs). Let us construct a s.f.t.s. pXm,n

, χm,n, Y
m,nq, where the process

Y
m,n

, with Y
m,n
0� � Y

m,n
0 � V0, is determined by (4.1).

By equation (4.4) and (4.5) with pXm
, χmq instead of X and χ, we obtain a pro-

cess Z
m � pZm1 , ...Zmd q and analogously we get a process Z

m,n � pZm,n1 , ..., Z
m,n
d q due

to X
m,n

, χm,n. pXm
, χmq converges to pX,χq almost surely and consequently Zm

a.s.Ñ Z.
Because of (4.10) we have that

��Zm�� ¤ |Z| and since pZ, V q is a solution of the BSDE

(4.8), we know that EQr³T0 Z2
udus   8. The dominated convergence theorem proves

EQ
�» T

0
pZu � Z

m
u q2du

�
Ñ 0, pmÑ8q

By Theorem A.6 we get Xm,n Ñ Xm almost surely (resp. χm,n Ñ χn a.s.) and
consequently by (4.4) and (4.5) with bounded processes ψ, Zm,n Ñ Zm almost surely.
The dominated convergence theorem states

EQ
�» T

0
pZmu � Z

m,n
u q2du

�
, pnÑ8q.
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Together we get,

EQ
�» T

0
pZu � Z

m,n
u q2du

�
¤ E

�» T
0
pZu � Z

m
u q2du

�
� E

�» T
0
pZmu � Z

m,nq2du
�
Ñ 0.

By (4.9) and (4.1) with rXm,n, Xm,ns � rχm,n, χm,ns � 0 and Xm,n
0 � χm,n0 � 0,

EQ �| Y m,n
T �H |�

� E
��� » T

0
pXm,n

u� �Xu�qdSu �
» T

0
pχm,nu� � χu�qdGu � λ

» T
0
ppXm,n

u� q2 � pXu�q2qdMu

���
� E

�����» T
0
pZm,nu � ZuqdBu � λ

» T
0
ppZm,n1,u q2 � pZ1,uq2qΘudu

�����
¤ E

�» T
0

��Zm,nu � Zu
��2 du�� E

�
λK

» T
0

��pZm,n1,u q2 � pZ1,uq2
�� du� ÝÑ 0

for n Ñ 8 and m Ñ 8. Hence, we �nd a sequence of bounded, continuous trading
strategies pXn, χn, Y nq with �nite variation, such that Y n

T Ñ H in L1.

It remains to show that the constructed sequence is L2-admissible. Xn, χn, Y n are
bounded for every n and by (ii) the processes ψ are uniformly bounded. Consider

UtpXn, χnq �
» t

0
Xn
u�dSu �

» T
0
χnu�dGu � λ

» t
0
pXn

u�q2dMu

�
» t

0
ZnudBu

with Zn � pZn1 , ..., Znd q via equation (4.4) and (4.5) with pXn, χnq instead of pX,χq.
Then Zn is bounded too. Consequently UtpXn, χnq is a square integrable martingale for
every n and the strategy pXn, χn, Y nq is L2-admissible. Furthermore, Zn Ñ Z almost
surely by construction.

�

The next theorem states that every integrable claim H can be approximately replicated
if the matrix Ψt is invertible at every time t. The market therefore is approximately
complete.

Theorem 4.9. If Ψt is invertible p0 ¤ t ¤ T q, then every integrable contingent claim H
is approximately replicable. There exists a sequence of continuous, L2-admissible s.f.t.s.

pXn, χn, Y nq with �nite variation such that

Y n
T

L1ÝÑ H, pnÑ8q.
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Proof. Consider the claim

HN �

$'&'%
N for H ¥ N,

H for �N ¤ H ¤ N,

�N for H ¤ �N.

We de�ne the stopping time

τL � inf

"
t ¤ T

���ψ1
1,t ¤

1

L
or

��ψij,t�� ¥ L for pi, jq P t0, ..., du � t1, ..., du
*
. (4.13)

Furthermore, let
HN
L � EQ �

HN | FτL
�
.

The random variable HN
L ¤ N is FτL-measureable and bounded. By (4.13)

1tt¤τLu
���ψij,t��� ¤ L and 1tt¤τLuΘt ¤ L2 for 0 ¤ t ¤ T . Theorem 4.5 states that there

exists a solution to the BSDE (4.8). By Theorem 4.8 we get an L2-admissible sequence of
smooth trading strategies pXn,L,N , χn,L,N , Y n,L,N q with Y n,L,N

T Ñ HN
L in L1 for nÑ8.

Then,

EQ
����Y n,L,N

T �H
���� ¤ E

�
| Y n,L,N

T �HN
L |

�
� E

�| HN �HN
L |�looooooooomooooooooon

p2q

�E
�| H �HN |�loooooooomoooooooon

p3q

.

Using the martingale convergence for (2) and dominated convergence theorem for (3)
this converges to 0 for n,L,N Ñ 8. Thus, we �nd a sequence of smooth L2-admissible
s.f.t.s. which asymptotically replicates H.

�

4.3. The minimal replication value

In contrast to the minimal replication value (of admissible sequences) de�ned in Sec-
tion 3.3.2, we now restrict our trade to L2-admissible s.f.t.s.. In addition we want the
approximating sequences to be L2-admissible (see De�nition 4.2).

De�nition 4.10. An L2-admissible approximating sequence is an L2-admissible

sequence of s.f.t.s. which asymptotically replicates the claim H. The set ΦpHq consists
of all L2-admissible approximating sequences.

In the de�nition of the minimal replication value in the extended economy, we only
consider L2-admissible approximating sequences ppXn, χn, Y nqqn¥1 with

∆Xn
T � ∆χnT � 0, pn ¥ 1q.

42



4. The replication in a general model

We now justify this restriction. Therefore, consider an arbitrary L2-admissible sequence
ppXn, χn, Y nqqn¥1 (χn � pχ2,n, ..., χd,nq). By (4.4) and (4.5) we get a processes Zn �
pZn1 , ..., Znd q. We apply Theorem A.5 to obtain processes rZn,m, with ∆ rZn,mT � 0. ThenrZn,m satis�es » t

0

rZn,mu dBu
L2Ñ

» t
0
pZnu qdBu, pmÑ8q,

and if Θ is uniformly bounded» t
0

Θup rZn,mu q2du L1Ñ
» t

0
ΘupZnu q2du, pmÑ8q.

We assume that Ψ is invertible. By (4.6) and (4.7) we construct rXn,m and rχn,m withrXn,m
t � Xn

t and rχn,mt � χnt for t P r0, T � 1
m s and ∆ rXn,m

T � ∆rχn,mT � 0. Then

QV p rXn,m, rY n,mqT� 1
m
� QV pXn, χnqT� 1

m

a.s.ÝÑ QV pXn, χnqT�, pmÑ8q.

Since V n
T is integrable and by the de�nition of L2-admissible strategies,

EQrQV pXn, χnqT s   8. The monotone convergence theorem yieldsQV p rXn,m, rY n,mqT� 1
m
Ñ

QV pXn, χnqT� in L1 for m Ñ 8. Furthermore note that by the de�nition of QV in
(4.2) and (3.3)

QV pXn, χnqT �QV pXn, χnqT� � p1� λqMT p∆Xn
T q2 �

ḑ

k�2

p1� λkqMkp∆χk,nT q2.

With rY n,m determined by rY n,m
0� � Y n

0� and (4.1), the process p rXn,m, rχn,m, rY n,mq is
self-�nancing. Then by (4.3) for mÑ8

VM
T� 1

m

p rXn,m, rχn,m, rY n,mq

� rY n,m
0� �

» T� 1
m

0

rZn,mu dBu � λ

» T� 1
m

0
Θup rZn,m1,u q2du�QV p rXn,m, rχn,mqT� 1

m

L1ÝÑ Y n
0� �

» T
0
ZnudBu � λ

» T
0

ΘupZn1,uq2du

�QV pXn, χnqT � p1� λqMT p∆Xn
T q2 �

ḑ

k�2

p1� λkqMk,np∆χk,nT q2.

This limit is equal or bigger VM
T pXn, χn, Y nq � Y n

T for every n. Because

∆ rXn,m
T � ∆rχn,mT � 0 we get QV p rXn,m, rχn,mqT� � QV p rXn,m, rχn,mqT . Then

VM
T� 1

k

p rXn,m, rχn,m, rY n,mq converges to VM
T p rXn,m, rχn,m, rY n,mq in L1 for k to in�nity.

Consequently, for every L2-admissible sequence ppXn, χn, Y nqqn¥1 we �nd an L2-
admissible sequence pp rXn, rχn, rY nqqn¥1 with rY n

0� � Y n
0� and

lim
nÑ8

rY n
T ¥ lim

nÑ8Y
n
T pa.s.q.
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De�nition 4.11. The minimal replication value (of L2-admissible sequences) is

π0pHq � inf
 
lim inf Y n

0�, where ppXn, χn, Y nqqn¥1 P ΦpHq with ∆Xn
T � ∆χnT � 0

(
.

Since Gk are Q-local martingales, the process U of an L2-admissible strategy is a Q-
martingale and Lemma 3.26 remains true. Hence,

π0pHq ¥ EQrHs.

For a claim H let ΦspHq � ΦpHq denote the set of all approximating sequences which
are continuous and of �nite variation (smooth). It turns out that to calculate the
minimal replication value it is su�cient to consider smooth sequences in ΦspHq.

Theorem 4.12. Let Θu be uniformly bounded and the matrix Ψt is invertible for t P
r0, T s. Then the minimal replication value of a contingent claim H satis�es

π0pHq � inf tlim inf Y n
0 , where ppXn, χn, Y nqqn¥1 P ΦspHqu .

Proof. We show that for every approximating sequence in ΦpHq we �nd a sequence in
ΦspHq with equal or lower replication costs. Consider an L2-admissible self-�nancing
sequence ppXn, χn, Y nqqn¥1 in ΦpHq with ∆Xn

T � ∆χnT � 0. Then by (4.3) with V n
t �

VM
t pXn, χn, Y nq

V n
t � Y n

0� �
» t

0
Xn
u�dSu �

ḑ

k�2

» t
0
χk,nu�dG

k
u � λ

» t
0
pXn

u�q2dMu �QV pXn, χnqt

� Y n
0� �

ḑ

j�1

» t
0
Znj,udBj,u � λ

» t
0
pZn1,uq2Θudu�QV pXn, χnqt. (4.14)

Note that V n
T � Y n

T Ñ H in L1. For every pair pN,Lq we introduce a stopping time

τN,L � inf
!
t ¤ τL

��� | V n
t |¡ N or QV pXn, χnqt ¡ N

)
(4.15)

with τL as in (4.13). V n
T is integrable, Θ bounded and EQr³T0 Z2

j,udus   8 for j � 1, ..., d

by the de�nition of an L2-admissible strategy. By (4.14) EQrQV pXn, χnqT s   8 and
consequently τN,L Ñ T almost surely for N and L to in�nity. Because QV and V n are
cadlag, we get that QV pXn, χnqτN,L� ¤ N and V n

τN,L� ¤ N . Then with H � V n
τN,L�

H � Y n
0� �

ḑ

j�1

» τN,L�
0

Znj,udBj,u � λ

» τN,L�
0

pZn1,uq2Θudu�QV pXn, χnqτN,L�

¤ Y n
0� �

ḑ

j�1

» τN,L�
0

Znj,udBj,u � λ

» τN,L�
0

pZn1,uq2Θudu � pH ¤ 2N.
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Consequently pZn, pV q with pV0 � Y n
0� is a solution of the BSDE (4.8) with bounded

terminal condition pVT � pH and τ � τN,L�. Furthermore, by Theorem 4.5 there exists
a solution pZ, V q of the same equation, but with terminal condition H � V T . Since
H ¤ pH Theorem 4.5 yields

V 0 ¤ pV0 � Y n
0�.

By Lemma 4.8 there exists an L2-admissible approximating sequence of smooth trading
strategies with initial value V 0 which converges to H � V n

τN,L� in L1 at maturity T. By
(4.14)

EQ
����V n

T � V n
τN,L�

���� ¤ EQ

������
» T
τN,L�

ZnudBu

�����
�
� EQ

������λ
» T
τN,L�

pZn1,uq2Θudu

�����
�

� EQ ���QV pXn, χnqT �QV pXn, χnqτN,L�
��� .

Since Θ is bounded and Zn square integrable, the �rst two integrals converge to zero
for N,L Ñ 8 by dominated convergence. In general QV is not continuous. But since
∆Xn

T � ∆χnT � 0 we get that QV pXn, χnqτN,L� � QV pXn, χnqT . Then, the last term
converges to zero by monotone convergence. Hence, we �nd a sequence of smooth self-
�nancing and admissible trading strategies which approximately replicates V n

T and with
initial value equal or smaller Y n

0�. This is true for every n and consequently we �nd an

approximating sequence of smooth trading strategies pp rXn, rχn, rY nqqn¥1 in ΦspHq with

lim
nÑ8

rY n
0� ¤ lim

nÑ8Y
n

0�.

�

Theorem 4.13. Let Θu be uniformly bounded and Ψu invertible on r0, T s. If the BSDE
(4.8) (with τ � T and terminal condition H) has a minimal solution pZ�, V �q, then the

minimal replication value of a claim H satis�es

π0pHq � V �
0 .

Proof. By Lemma 4.8 for every solution pZ, V q of the BSDE (4.8) with τ � T and
terminal condition H we �nd an approximating sequence in ΦspHq. Hence,

π0pHq ¤ V �
0 .

On the other hand we consider an L2-admissible approximating sequence
ppXn, χn, Y nqqn¥1 in ΦspHq. Since Θ is uniformly bounded and by the de�nition
of an L2-admissible sequence of trading strategies

ḑ

j�1

»
Znj,udBu

ucpÝÑ
ḑ

j�1

»
Zj,udBu
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and »
pZn1,uq2Θudu

ucpÝÑ
»
Z2

1,uΘudu.

Then by (4.3)

V n
t � Y n

0 �
ḑ

j�1

» t
0
Znj,udBu �

» t
0
pZn1,uq2Θudu

L1ÝÑ V0 �
ḑ

j�1

» t
0
Zj,udBu �

» t
0
Z2

1,uΘudu � Vt,

with V0 � limnÑ8 Y n
0 . We get V n

T Ñ H in L1 and V n
T Ñ VT in probability. Consequently

H � VT almost surely or equivalently

H � V0 �
ḑ

j�1

» T
0
Zj,udBu �

» T
0
Z2

1,uΘudu.

Hence, pZ, V q is a solution of the BSDE (4.8) with τ � T and terminal condition H.
Together with Theorem 4.12 we get

π0pHq ¥ V �
0 .

�

4.4. Analytical properties of the average price per share

In this section we investigate claims of the form

H � hpS pX
T q

where p pX, pχ, pY q � p pXt, pχt, pYtq0¤t¤T is the perfect continuous hedge of an arbitrary claimpH in the model without illiquidity (the case M � 0) and pXT � 0. This means at
maturity T all stock shares are sold. Then by (3.7)

S
pX
T � ST � 2λ

» T
0

pXu�dMu. (4.16)

In a model without illiquidity px pXt, xpχ, xpYtq0¤t¤T is the hedge of the claim x pH and
EQrx pHs � xEQr pHs its price. In our model with illiquidity the minimal replication value
π0pHq is not linear in H. We therefore consider the claim

Hx � hpSx pXT q
and investigate the dependence of π0pxHxq on x. Our �rst aim is to show that the
average price per share converges to EQrhpST qs when the number of purchased shares x
goes to zero.
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4. The replication in a general model

Theorem 4.14. If h is continuous then

π0pxHxq
x

Ñ EQrhpST qs, pxÑ 0q.

Proof. For the claim Hx consider

pHxqN � hN pSx pXT q

with hN pxq � max pminphpxq, Nq,�Nq and

pHxqNL � EQ �pHxqN ��FτL�
with stopping time τL de�ned in (4.13). Then��xpHxqNL

�� ¤ xN, (4.17)

1tt¤τLuΘt ¤ L2, 0 ¤ t ¤ T. (4.18)

By Theorem 4.5 for every x, L,N there exists a solution pV x, Zxq, with V x
t � V x

τL
and

Zxt � 0 for t P rτL, T s, which solves the stochastic integral equation

xpHxqNL � V x
t �

» T
t
ZxudBu � λ

» T
t
pZx1,uq2Θudu. (4.19)

Lemma 4.8 states that there exists an L2-admissible, approximating sequence of contin-
uous s.f.t.s. pXx,n, χx,n, Y x,nq with Y x,n

0 � V x
0 .

We want to show the result for xÑ 0 and therefore consider small values x with

| x |  1

4λL2N
. (4.20)

By the maximum principle (Proposition 2.1 in Kobylanski [11])

| V x
t |¤ |x|N ¤ 1

4λL2
, 0 ¤ t ¤ T. (4.21)

The formula of Ito applied on fpV x
t q � pV x

t q2, with V x
t by (4.19), yields

pxpHxqLq2 � pV x
t q2 � 2

» T
t

�
λΘupZx1,uq2V x

u �
1

2
| Zxu |2



du� 2

» T
t
V x
u Z

x
udBu

p4.18q
¥ pV x

t q2 �
» T
t
p1� λ2L2 | V x

u |q | Zxu |2 du� 2

» T
t
V x
u Z

x
udBu

p4.21q
¥ pV x

t q2 �
» T
t

1

2
| Zxu |2 du� 2

» T
t
V x
u Z

x
udBu. (4.22)

47



4. The replication in a general model

V x
t Z

x
t is square integrable. Then

EQ
�» T

t
ΘupZx1,uq2du | Ft

� p4.18q
¤ EQ

�» T
t
L2 | Zxu |2 du | Ft

�
p4.22q
¤ 2L2EQ �pxpHxqLq2 | Ft

�
p4.17q
¤ 2x2L2N2. (4.23)

Furthermore, by (4.19) 1
xV

x
t � EQ

�
EQrhpSx pXT q | FτLs � λ

x

³T
t ΘupZx1,uq2du | Ft

�
. This

together with (4.23) yields����1xV x
t � EQrhN pSx pXT q | FτL^ts

���� � EQ
�����λx

» T
t

ΘupZx1,uq2du
���� ���Ft� ¤ 2xL2N2.

The continuity of hN implies hN pSx pXT q Ñ hN pST q for x Ñ 0. Since hN is bounded the

dominated convergence theorem yields EQrhN pSx pXT q | FτL^ts Ñ EQrhN pST q | FτL^ts for
xÑ 0. Hence,

lim
xÑ0

1

x
V x
t � EQ �

hN pST q | FτL^t
�
. (4.24)

By Lemma 3.26 and EQrpHxqNL s � EQrpHxqN s we get EQrxpHxqN s ¤ π0pxpHxqNL q and
consequently for x � 0

EQrpHxqN s ¤ π0pxpHxqNL q
x

.

Then,

EQrpHxqN s ¤ π0pxpHxqNL q
x

¤ 1

x
V x

0

and by (4.24) for every N ¡ 0 and L ¡ 0

π0pxpHxqNL q
x

ÝÑ EQrhN pST qs, pxÑ 0q.

Since HN
L

L1Ñ H for N,LÑ8
π0pxHxq

x
ÝÑ EQrhpST qs, pxÑ 0q.

�

For the remaining part of this section p pXt, pχt, pYtq0¤t¤T , with pXt � pχt � 0 and pYt � YτL
for t P rτL, T s, denotes the perfect hedge of the claim

HN
L � EQ �

hN pST q
��FτL�
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in a model without illiquidity. Then by (4.3) with M � 0

HN
L � pVt � ḑ

j�1

» T
t

pZj,udBj,u (4.25)

where pV0 � pY0 and pZt � p pZ1,t, ..., pZd,tq is given by (4.4) and (4.5). Because HN
L is

bounded, we get that EQr³T0 pZ2
udus   8.

Let pV x, Zxq be the solution of the BSDE (4.19), with FτL measureable terminal
condition

pHxqNL � EQ
�
hN pSx pXtT q��FτL� .

By Theorem 4.5 this solution is unique with Zxt � 0 for t P rτL, T s. With Zx in (4.6) we
de�ne a (caglad) process Xx � pXx

t q0¤t¤T with Xx
t � 0 for t P rτL, T s.

Lemma 4.15. If h is Lipschitz continuous then

1

x
Xx L2ÝÑ pX, pxÑ 0q,

and

SX
x

T�
L2ÝÑ Sx

pX
T�, , pxÑ 0q.

Remark. Since h is Lipschitz continuous this is equivalent to hpSXx

T�q L2ÝÑ hpSx pXT�q. In
addition we show that for small x the quadratic error is

EQrphpSXx

T�q � hpSx pXT�qq2s � Opx3q.

Proof. By (4.19) and (4.25)

pHxqNL �HN
L � p1

x
V x
t � pVtq � λ

x

» T
0

ΘupZx1,uq2du�
» T

0
p1

x
Zxu � pZuqdBu. (4.26)

The formula of Ito yields

�pHxqNL �HN
L

�2 � p1

x
V x

0 � pV0q2 � 2
λ

x

» T
0

ΘupZx1,uq2p
1

x
V x
u � pVuqdu

�
» T

0
p1

x
Zxu � pZuq2du� 2

» T
0
p1

x
Zxu � pZuqp1

x
V x
u � pVuqdBu.
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The integrand of the last integral is square integrable and its expectation is 0. Then,

EQ

�» T
0

����1xZxu � pZu����2 du
�

� EQ
����EQ

�
hN pSx pXT q � hpST q | FτL

����2�� EQ
�
p1

x
V x

0 � pV0q2
�

� EQ
�
2λ

1

x

» T
0

ΘupZx1,uq2p
1

x
V x
u � pVuqdu�

¤ EQr
���hN pSx pXT q � hpST q

���2s � 2λL2

x
EQ

�» T
0
| Zxu |2

����1xV x
u � pVu���� du� .

By Proposition 2.1 in Kobylanski [11]
��� pVt��� ¤ N and

�� 1
xV

x
t

�� ¤ N . Therefore,
��� 1
xV

x
t � pVt��� ¤

2N . By (4.23)

EQ
�» T

0
| Zxu |2

����1xV x
u � pVu���� du� ¤ 4x2L2N3.

By (3.7) and because h is Lipschitz continuous with Lipschitz constant K���hpSx pXT q � hpST q
��� ¤ 2Kλx

����» T
0

pXu�dMu

���� p4.4q¤ 2KLλx

����» T
0

pZ1,udMu

���� . (4.27)

The processes ψu are bounded for u ¤ τL, pZ is square-integrable and dMu � ψ0
1du �°d

j�2 ψ
0
j,udBj,u. Hence, we �nd constants C1 and C2 such that

EQ

�» T
t

����1xZxu � pZu����2 du
�
¤ C1x

2 � C2x � Opxq. (4.28)

As
��� 1
xX

x
u � pXu

��� � ���� 1
x
Zx1,u
ψ1

1,u
� pZ1,u

ψ1
1,u

���� ¤ L
���Zx1,u � pZ1,u

��� we get that 1
xX

x converges to pX in L2.

By (3.6) with Xx
T � pXT � 0

SX
x

T� � Sx
pX

T� � 2λ

» T
0

�
x pXu �Xx

u

	
dMu

� 2λ

» T
0

Θu

�
x pZ1,u � Zx1,u

	
du� 2λ

ḑ

j�2

» T
0

ψ0
j,u

ψ1
1,u

�
x pZ1,u � Zx1,u

	
dBj,u.

pZ1,t � Zx1,t � 0 for t P rτL, T s and by (4.13)
ψ0
j,t

ψ1
1,t
¤ L2 and Θt ¤ L2 for t ¤ τL. Then for
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some constant C ¡ 0

EQ
����SXx

T� � Sx
pX

T�
���2�

¤ 8λ2L2EQ

��» T
0

�
x pZ1,u � Zx1,u

	
du


2
�
� 8λ2L2EQ

��� ḑ

j�2

» T
0

�
x pZ1,u � Zx1,u

	
dBj,u

�2
��

¤ Cx2EQ

�» T
0

�pZ1,u � 1

x
Zx1,u


2

du

�
p4.28q� Opx3q.

�

The average price per share depends on the number of purchased shares x and is deter-
mined by the supply curve

SXt pxq � SXt �Mtx.

The liquidity premium per shareMt gives the additional costs for every purchased stock.
We are interested in a similar presentation for the average price 1

xπ0ppHxqNL q for x units
of the bounded contingent claim pHxqNL . By Theorem 4.13, with 1tt¤τLuΘt uniformly
bounded, we get that

d

dx

1

x
π0

�pHxqNL
� � d

dx

�
1

x
V x

0



, px � 0q.

Furthermore by (4.24) 1
xV

x
0 Ñ pV0 � EQrHN

L s. Consequently, we de�ne

d

dx

�
1

x
V x

0


 ���
x�0

� lim
xÑ0

1

x
p1

x
V x

0 � pV0q.

If this value exists, we use

1

x
π0

�pHxqNL
� � EQrHN

L s �MHx (4.29)

with MH � d
dx

�
1
xV

x
0

� ���
x�0

as an approximation for the average price if the number of

units x is small. In that case MH can be interpreted as the additional cost per unit for
the replication of the claim, which is caused by illiquidity.

The following proposition gives a condition when this derivative MH exists and shows
how it can be computed in terms of the solution of the replication problem without
trade impacts.
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Theorem 4.16. If hN is Lipschitz continuous and di�erentiable except at a �nite number

of points, then 1
xV

x
0 is di�erentiable with respect to x and the derivative is

d

dx

�
1

x
V x

0


 ���
x�0

� λEQ
�» T

0
Θup pZ1,uq2du

�
� 2λEQ

�
phN q1pST q

» T
0

pZ1,u

ψ1
1,u

dMu

�
.

Proof. We want to compute

lim
xÑ0

1

x
p1

x
V x

0 � pV0q.

By the de�nition of τL we have that 1tu¤τLuΘu ¤ L2 and by construction Zx1,u � pZ1,u � 0
for u P rτL, T s. By (4.26) we get�����1xp1

x
V x

0 � pV0q � λEQ
�» T

0
Θup pZ1,uq2du

�
� 2λEQ

�
phN q1pST q

» T
0

pZ1,u

ψ1
1,u

dMu

������
�

�����EQ
�
EQ

�
1

x

�
hN pSx pXT q � hN pST q

	 ���FτL�� λ

x2

» T
0

ΘupZx1,uq2du
�

� EQ
�
λ

» T
t

Θu
pZ2

1,udu

�
� EQ

�
2λphN q1pST q

» T
0

pZ1,u

ψ1
u,1

dMu

� �����
¤ EQ

������1x �
hN pSx pXT q � hN pST q

	
� 2λphN q1pST q

» T
0

pZ1,u

ψ1
1,u

dMu

�����
�

� λL2

�����EQ

�
λ

» T
0

��
Zx1,u
x


2

� pZ2
1,u

�
du

������ . (4.30)

Because of (4.28) the second term converges to 0 for x Ñ 0. Furthermore, since hN is
di�erentiable

lim
xÑ0

1

x

�
hN pSx pXT q � hN pST q

	
� lim

xÑ0

1

x

�
hN

�
ST � 2λx

» T
0

pZ1,u

ψ1
1,u

dMu

�
� hN pST q

�

� d

dx
hN

�
ST � 2λx

» T
0

pZ1,u

ψ1
1,u

dMu

�

� �2λphN q1pST q
» T

0

pZ1,u

ψ1
1,u

dMu.

By (4.27) with pZ square integrable and processes ψ bounded, we get

EQ
����hN pSx pXT q � hN pST q

���� ¤ 2λxKLEQ
�����» T

0

pZ1,udMu

�����   8.

The dominated convergence theorem yields that the �rst part in (4.30) converges to 0
for xÑ 0.

�
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Remark. If pZx, V xq is the solution of (4.19) with terminal condition xHN
L �

xEQrhN pST q | FτLs instead of xpHxqNL � xEQrhN pSx pXT q | FτLs, we get

EQ

�
λ

» T
0

��
Zx1,u
x


2

� pZ2
1,u

�
du

�
Ñ 0

similar to (4.28) and similar to (4.24)

1

x
V x

0 Ñ pV0.

Analogously to Theorem 4.16 the slope of the supply curve (in x � 0) can be calculated
in terms of pZ and satis�es

1

x
p1

x
V x

0 � pV0q Ñ λEQ
�» T

0
Θup pZ1,uq2du

�
. (4.31)
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In general the minimal replication costs of a claim is not its expected outcome. The
expected liquidity costs in the presented model, where M is a submartingale, are non-
negative (EQrLT s ¥ 0) and the minimal replication value therefore bigger or equal to
the expectation. We now prove that if the liquidity M is a Q-local martingale, the price
of the claim is as in classical theory given by

pH � EQrHs.
We assume that M is a Q-local martingale, i.e. ψ0

1,u � 0 for 0 ¤ u ¤ T and

dMu �
ḑ

j�2

ψ0,j
i dBj,u. (5.1)

Theorem 5.1. If M is a Q-local martingale and the matrix Ψt invertible for 0 ¤ t ¤ T ,
then the minimal replication value π0pHq of a contingent claim H at time 0 is equal to

the expected outcome

π0pHq � EQ rHs .

Proof. Due to Lemma 3.26 we already know

π0pHq ¥ ErHs.
Consider the approximating sequence of smooth trading strategies pXn, χn, Y nqn¥1

constructed in the proof of Theorem 4.9 with Xn
T � Xn

0 � χnT � χn0 � 0 and
rXn, Xnst � rχn, χnst � 0. Hence, QV pXn, χnqT � 0 and since M is a Q-local mar-
tingale M �M . By (4.1) and the de�nition of the process U

Y n
T � Y n

0� �
» T

0
Xn
u�dSu �

ḑ

k�2

» T
0
χn,ku�dG

k
u � λ

» T
0
pXn

u�q2dMu

� Y n
0� � UT pXn, χnq.

Because pXn, χn, Y nq is L2-admissible the process UT pXn, χnq is a martingale and
EQ rY n

T s � Y n
0 . Since Y

n
T converges to H in L1

EQ rHs � lim
nÑ8EQ rY n

T s � lim
nÑ8Y

n
0 .

This implies π0pHq � EQ rHs.
�
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Theorem 5.2. Under the same conditions as in Theorem 5.1 every time-0 value pH �
EQ rHs of a Q-integrable claim H leads to arbitrage opportunities in a model extended

with the trade of H.

Proof. For the claim H let ppXn, χn, Y nqqn¥1 be an approximating sequence. In general
the elements of the sequence pp�Xn,�χn,�Y nqqn¥1 are not self-�nancing and the
sequence is therefore no asymptotic solution of the claim p�Hq. But since p�Hq is
integrable and π0p�Hq � EQ r�Hs � �EQ rHs, there exists an approximating sequence
pp rXn, rχn, rY nqqn¥1 with rY n

T Ñ p�Hq in L1 and rY n
0 � �EQ rHs. If pH � ErHs, we can

generate arbitrage:

� pH ¡ �EQ rHs: At time 0 we sell the claim H at price pH . Then pH�ErHs � c ¡ 0.
The sequence of trading strategies ppXn, χn, Y n�cqqn¥1 is an asymptotic arbitrage
opportunity.

� pH   EQ rHs: We buy the claim H at price pH and invest EQ rHs � pH � c ¡ 0
in the risk free asset. The sequence pp rXn, rχn, rY n � cqqn¥1 generates asymptotical
arbitrage.

�

Corollary 5.3. The equivalent martingale measure Q is unique.

Proof. Consider the claim H � 1A where A P FT . Then

Q pAq � EQ r1As � πH0 .

Since the minimal replication value is independent of the measure Q, Q is unique.
�

Remark. If M is a Q-local martingale, Q is unique and the price of a contingent claim
H is equal to the classical price EQ rHs. Nevertheless, the replication strategy in a model
with liquidity risk is di�erent from the hedge in classical theory.

We illustrate this in the following example.
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5. The replication if M is a martingale

Example: - Constant liquidity in a Black-Scholes economy :

Consider a speci�c model, where B is a one dimensional Brownian motion (d=1)
and

ψ1
u,1 � σSu

ψ0
u,1 � 0

with σ ¡ 0, S0 ¡ 0 and M0 �M ¡ 0 for 0 ¤ t ¤ T . Consequently, the liquidity process
M is constant and the una�ected quoted price process is a geometric Brownian motion

dSu � σSudBu,

or equivalently

St � σS0 exp

�
σBt � σ2

2
t



.

By (3.15) the liquidity costs of a s.f.t.s are

Lt � λMX2
t � p1� λqM �rX,Xst �X2

0

� ¥ 0.

We immediately see that LT � 0 if the process X is continuous with �nite variation and
satis�es XT � X0 � 0. In that case SXt � St � 2λMXt and S

X
T � ST .

Consider a European call option with strike K on the quoted stock price ST , which
delivers cash at maturity T, i.e.

H � pST �Kq�.
Because M is a martingale, by Theorem 5.1 the fair price of this claim is equal to its
expectation

π0pHq � E rpST �Kq�s ,
which is well known and given by the Black-Scholes formula

πCt � StΦpdtq �KΦpdt � σ
?
T � tq

dt �
logpStK q � 1

2σ
2pT � tq

σ
?
T � t

where Φ is the standard cumulative normal distribution function. The classical ∆-Hedge
of the call option is p pX, pY q � p pXt, pYtq0¤t¤T with

pXt � Φpdtq and pYt � �KΦpdt � σ
?
T � tq.
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5. The replication if M is a martingale

This trading strategy is continuous, but not of �nite variation. In a model with liquidity
risk this strategy does not replicate the payo� pST�Kq�. In fact it leads to the following
liquidity costs

LT � λM pX2
T � p1� λqM

�
r pX, pXsT � pX2

0

	
� λM pΦpdT qq2 � p1� λqM pΦpd0qq2 � p1� λqM

» T
0
d rΦpduq,Φpduqsu

� λM pΦpdT qq2 � p1� λqM pΦpd0qq2 � p1� λqM
» T

0

�
Φ
1pduq

	2
d rdu, dusu

� λM pΦpdT qq2 � p1� λqM pΦpd0qq2 � p1� λqM
» T

0

�
Φ
1pduq

	2

T � u
du

since

d rdu, dusu �
1

σ2pT � uqd
�
logpSu

K
q, logpSu

K
q
�
� 1

T � u
du.

See Cetin, Jarrow, Protter, Warachka [23] in this context.

Figure 5.1 shows the value of the ∆-Hedge in the Black-Scholes model (BS) and
the value of the same hedge in the model with liquidity risk (LR). In this plot we
observe the hedge of a call option with S0 � 80, σ � 0.3, strike price K � 75 and a
maturity of T � 0.5 years. In addition we use the following model parameters in the
model with liquidity risk: λ � 0.5. The parameter M usually takes very small values,
but to demonstrate a signi�cant di�erence between the models we choose a big value
M=10. For a trading strategy X � pXtq0¤t¤T and initial value Y BS

0 � Y LR
0 � EQrHs,

let pX,Y BSq be a self-�nancing strategy in the Black Scholes model (3.13) and by
(3.11) let pX,Y LRq be a s.f.t.s in the model with liquidity risk. Furthermore, let us
de�ne V BS

t pXq � VtpX,Y BSq as the value of pX,Y BSq in the BS model (M � 0) and
V LR
t pXq � V L

t pX,Y LRq as the value of pX,Y LRq in the model with liquidity risk. In
the observed trajectory the stock price takes the value ST � 90.69 and the ∆-Hedge pX
leads to the following values:

V BS
0 p pXq � V LR

0 p pXq � 0

V BS
T
4

p pXq � V LR
T
4

p pXq � 5.09

V BS
T
2

p pXq � V LR
T
2

p pXq � 5.68

V BS
3T
4

p pXq � V LR
3T
4

p pXq � 5.51

V BS
T p pXq � V LR

T p pXq � 6.35.
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5. The replication if M is a martingale

Figure 5.1.: The Delta-Hedge in the BS and LR model

Note that the value of the trading strategy in the model with illiquidity (LR) in Figure
5.1 has a jump immediately after time 0. This is due to the term p1 � λqMX2

0 in the
liquidity costs (3.15).

We now construct a smooth version of the ∆-Hedge and show that the trading strategy
converges to the claim C at maturity. Therefore, let p rXn, rY nq, with rY n

0 � pY0 � EQrHs,
be a s.f.t.s in the model with liquidity risk and

rXn
t �

#
n
³t
pt� 1

n
q_0

pXudu, 0   t ¤ T � 1
n ,

n2pT � tq pXT� 1
n
, T � 1

n   t ¤ T.

The continuous process rXn is bounded and of �nite variation with rXn
T � 0. By (3.12)

with M constant and Theorem A.6

rY n
T � rY n

0 �
» T

0

rXn
u�dSu

L2ÝÑ pY0 �
» T

0

pXu�dSu � H, pnÑ8q.

For a �xed n the error

H � rY n
T �

» T
0
p rXn

u � pXuqσSudBu
is normally distributed with a variance converging to zero. Figure 5.2 compares the
∆-Hedge with the constructed smooth trading strategy (with n � 8). For the observed
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5. The replication if M is a martingale

Figure 5.2.: The replication strategy in the BS and LR model

trajectory the following values are obtained,

V BS
0 p pXq � V LR

0 p rXnq � 0

V BS
T
4

p pXq � V LR
T
4

p rXnq � 1.96

V BS
T
2

p pXq � V LR
T
2

p rXnq � 2.31

V BS
3T
4

p pXq � V LR
3T
4

p rXnq � 3.28

V BS
T p pXq � V LR

T p rXnq � 1.50

We see that in the liquidity risk model the smooth hedge results in a better replication
than the ∆-Hedge.

This model is an extension of the liquidity risk model of Cetin, Jarrow, and Prot-
ter [22]. In their model the stock price is determined by an increasing supply curve, but
it is assumed that the trader acts as a price taker and consequently does not trigger any
price impacts.

From now on we deal with a more sophisticated liquidity process. If M is a strict
submartingale the replication value of an asset di�ers from the expected payo� of a
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5. The replication if M is a martingale

claim. In order to calculate this value we have to reconstruct the claim using the basic
assets of our economy.

60



6. Calculation of the minimal replication

value

In Section 4.1 we create a sequence of smooth trading strategies, which approximately
replicates the Q-integrable claim H. Furthermore we have seen that in order to calculate
the minimal replication costs we only consider smooth admissible sequences. To obtain
the minimal replication value we solve the BSDE

dVu � �λZ2
1,uΘudu�

ḑ

j�1

Zj,udBj,u, 0 ¤ u ¤ T, (6.1)

with terminal condition
VT � H.

By Theorem 4.6 if

(i) Ψ is invertible,
(ii) Θ is uniformily bounded,
(iii) there exists a minimal solution pZ�, V �q of the BSDE (6.1),

then the minimal replication value satis�es

π0pHq � V �
0 .

In this chapter we consider simple economies. For contingent claims which depend on
the una�ected quoted stock price we calculate the minimal replication costs π0pHq.

We assume that the liquidity process M is deterministic. To make sure the model
is free of arbitrage we want M to be a submaringale. Hence, pMtq0¤t¤T is a determin-
istic non-decreasing function. We consider models, where the una�ected stock price is
given by a Bachelier and a Black-Scholes economy.

6.1. A Bachelier model with deterministic liquidity

Let us consider the model

dSt � σdBt, S0 ¡ 0,

dMt � cdt, M0 ¡ 0,
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6. Calculation of the minimal replication value

where σ ¡ 0, c ¡ 0 and B is a one dimensional Brownian motion. The una�ected stock
price is given by a Bachelier process

St � S0 � σBt

and the supply curve is a linear function in time with a positive slope. In the notation
of the general model of Section 4.1 this is equivalent to

ψ0
1 � c

ψ1
1 � σ

and ψij � 0 otherwise. Θu � c
σ2 is constant and Ψu � σ is invertible pd=1q. To obtain

the minimal replication costs π0pHq, we want to �nd a minimal solution of the BSDE
(6.1) or equivalently a minimal solution pZ, V q of the equation

H � Vt � k

2

» T
t
Z2
udu�

» T
t
ZudBu, 0 ¤ t ¤ T, (6.2)

with k � 2λc
σ2 . We derive a closed form solution for this equation and show that it is

minimal.

Theorem 6.1. Let H ¥ 0 be a Ft-measureable random variable with EQrexpp2kHqs  
8. Then there exists a minimal solution pZ, V q of (6.2) with

Vt � 1

k
log

�
EQ

�
exp pkHq

���Ft�	 .
Proof. The process Nt � EQ

�
exp pkHq

���Ft� is a square-integrable martingale. By the

martingale representation theorem there exists a predictable process X with

Nt � N0 �
» t

0
XudBu.

Let us de�ne

Vt � 1

k
logpNtq and Zt � Xt

kNt
.

Then VT � 1
k logpexppkHqq � H and the formula of Ito yields

dVt � 1

kNt
dNt � 1

2kN2
t

pdNtq2 � ZtdBt � k

2
Z2
t dBt.

This is equivalent to equation (6.2). By martingale presentation theorem

EQ
�³T

0 pkNuZuq2du
�
  8. Since Nt ¥ 1 we conclude EQ

�³T
0 Z

2
udu

�
  8. Hence,

pZ, V q is a solution of the BSDE (6.2).
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6. Calculation of the minimal replication value

It remains to show that the solution is minimal. For an arbitrary solution p rZ, rV q
consider Et � exppkrVtq. Then ET � exppkHq and by Ito

dEt � kEtdrVt � 1

2
k2EtpdrVtq2 � kEt rZtdBt.

The process E is a Q-local martingale which is bounded from below. Hence, E is a
supermartingale and

exppkrVtq � Et ¥ EQ
�
exppkHq

���Ft� � Nt � exppkVtq.

Consequently,
Vt ¤ rVt, 0 ¤ t ¤ T.

�

Lemma 6.2. The minimal replication value of the European option H � pST � Kq�
(resp. H � pK � ST q�q is

π0pHq � 1

k
log

�
EQ rexppkHqs

	
where k � 2λc

σ2 and

EQ rexppkpST �Kq�qs � exp

�
kpS0 �Kq � 1

2
k2σ2T



Φp�dB � σk

?
T q � ΦpdBq

EQ rexppkpK � ST q�qs � exp

�
kpK � ST q � 1

2
k2σ2T



ΦpdB � σk

?
T q � Φp�dBq

where Φ denotes the cumulative distribution function of a standard normal distribution

and

dB � K � S0

σ
?
T

.

Proof. The claim H � pST �Kq� satis�es

EQrexpp2kHqs ¤ exp p2kpS0 �KqqEQ rexpp2kσWT qs
� exp p2kpS0 �Kqq expp2kσ2T q   8.
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6. Calculation of the minimal replication value

Note that ST ¡ K is equivalent to WT ¡ K�S0
σ . Then,

EQ rexppkpST �Kq�qs
� exppkpS0 �KqqEQ �

exppkσWT1tST¡Kuq
�

� exppkpS0 �Kqq 1?
2πT

» 8
K�S0
σ

exp

�
� 1

2T
px2 � 2Tkσxq



dx

� 1?
2πT

» K�S0
σ

�8
exp

�
� x2

2
a
pT q

�
dx

� exp

�
kpS0 �Kq � 1

2
σ2k2T



1?
2πT

» 8
K�S0
σ

exp

�
�1

2
px� Tkσ?

T
q2


dx

� 1?
2πT

» K�S0
σ

�8
exp

�
� x2

2
a
pT q

�
dx

� exp

�
kpS0 �Kq � 1

2
σ2k2T



Φ

�
K � S0 � kσ2T

σ
a
pT q

�
� Φ

�
K � S0

σ
a
pT q

�
.

The calculation for H � pST �Kq� is similar. �

To compare the replication costs with the values in classical arbitrage theory, let us
consider the price of a European option in the Bachelier model without liquidity risk
(LR). The price of a European call option in a Bachelier model without LR is

CB0 � pS0 �KqΦ ��dB�� σ
?
TφpdBq

where Φ is the CDF and φ is the density function of a standard normal distribution and
dB � K�S0

σ
?
T
. By the Call-Put parity the price of a put option is

PB0 � K � S0 � CB0 .

We compare this price with the minimal replication costs of smooth strategies in the
model with deterministic liquidity. We consider a European call option H � pST �Kq�
with strike price K � 100 and maturity T � 0.5. In addition we use the following model
parameters: λ � 1, σ � 3 and c � 0.5. Figure 6.1 shows the price of the option for
di�erent initial values of the underlying stock price.

As expected the replication costs in the model with liquidtiy risk is slightly bigger than
the price in classical theory. This is due to the positive liquidity costs

LT pXnq Ñ λ

» T
0
X2
u�dMu,
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6. Calculation of the minimal replication value

Figure 6.1.: Replication value: S0 � K

where Xn is the smooth replication strategy in the model with LR and Xt � Z1,t

σ2 where
pZ, V q is the minimal solution of the BSDE. See Proposition (3.15). The replication
costs of a claim are an increasing function in the size of the transaction. This will be
further discussed in Section 6.2.

We are interested in the impact of λ on the minimal replication value. Remember
that the bid-ask spread is �lled up immediately after a trade. The parameter λ P r0, 1s
is the part of the spread which is re�lled with ask orders and therefore corresponds to
the impact on the stock price. Then, λ � 0 corresponds to no price impact and λ � 1
indicates the biggest impact. Figure 6.2 illustrates the impact of the parameter λ on
the replication costs of the call option with S0 � 98.

The slope of the supply curve c has the same impact on the replication costs as λ. This
is reasonable since c determines the size of the bid-ask spread after a trade. See Figure
6.3.

As a second example consider the claim

Hx � pSx pXT �Kq�
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6. Calculation of the minimal replication value

Figure 6.2.: Impact of parameter λ P r0, 1s

Figure 6.3.: Impact of the slope c ¡ 0
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6. Calculation of the minimal replication value

where Sx
pX

T is the observed quoted price and pX denotes the stock part of the hedge

p pX, pY q in the model without illiquidity, e.g. pXt � Φp St�K
σ
?
T�tq.

We use a Monte-Carlo simulation to calculate the expectation EQrexppkHxqs. Since
Hx ¤ H, where H � pST � Kq�, the replication costs of Hx are less or equal to the
costs of H. In Figure 6.4 we consider the replication costs of the claim Hx and H with
the same model parameters. For λ � 1 and a high slope of the illiquidity c � 0.5, the
replication costs of Hx are lower than the price in classical theory.

Figure 6.4.: Replication value: S0 � K

6.2. A Black-Scholes model with deterministic liquidity

We assume that the una�ected stock price is the Black-Scholes price and the liquidity
process is again a linear function with constant, positive slope

dSt � σStdBt, S0 ¡ 0,

dMt � cdt, M0 ¡ 0,
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6. Calculation of the minimal replication value

where σ ¡ 0 and c ¡ 0. Then St � S0 exppσBt � σ2

2 tq ¡ 0. Fitting this model in the
general model of Chapter 4 means

ψ0
1 � c

ψ1
1 � σSt

and ψij � 0 otherwise. Ψu � ψ1
1,u ¡ 0 but the process Θu � c

σ2S2
u
is not bounded. Hence,

for a claim H we consider

HN
L � EQ

�
max pminpH,Nq,�Nq

���� ,
with the stopping time τL ¤ T de�ned in (4.13). Then, 1tt¤τLuΘt ¤ L2 and the solution

pZN,L, V N,Lq of the stochastic integral equation

HN
L � Vt � λ

» T
t

ΘL
uZ

2
udu�

» T
t
ZudBu, 0 ¤ t ¤ T, (6.3)

is unique. By Theorem 4.13 we get π0pHN
L q � V N,L

0 . Furthermore, τL Ñ T a.s. and
HN
L Ñ H in L1.

Since we do not know a closed form solution of this BSDE, we look for a numeri-
cal approximation. To apply numerical methods we have to get rid of the dependency
of the claim HN

L on SτL . Instead of equation (6.3) we consider

H � Vt � λc

σ2

» T
t

Z2
u

S2
u

du�
» T
t
ZudBu, 0 ¤ t ¤ T, (6.4)

where H is a function of the una�ected quoted price ST . We assume that if there exists
a solution pZ, V q of (6.4), then V N,L

0 Ñ V0.

Let us de�ne the value process
Vt � F pt, Stq

with F pT, ST q � H and F p0, S0q � Y0. If F is su�ciently smooth, then by Ito�s
formula

dVt � BF
Bt dt�

BF
BStdSt �

1

2

BF 2

BS2
t

drS, Sst

�
�BF
Bt �

BF 2

BS2
t

σ2

2
S2
t



dt� BF

BStσStdBt.

On the other hand, by (6.4) Vt satis�es

dVt � � λc

σ2S2
t

Z2
t dt� ZtdBt.

The BSDE satis�es the Markov property and a comparison of the coe�cients yields
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6. Calculation of the minimal replication value

(i)

Zt � BF
BStσSt,

(ii)
BF
Bt �

BF 2

BS2
t

σ2

2
S2
t � � λc

σ2S2
t

Z2
t .

Condition (ii) with Zt by (i) results in the following partial di�erential equation (PDE).

If the value process F pt, xq is two-times di�erentiable then it satis�es

BF
Bt � λc

�BF
Bx


2

� σ2

2
x2 BF 2

Bx2
� 0 (6.5)

for t P r0, T s and x P p0,8q. Conversely, if (6.5) has a classical solution then Vt � F pt, Stq
satis�es (6.4).

Remark. A. Roch [3] proved that F pt, xq is a viscosity solution of (6.5).

Remark. If H depends on the stock price S
pX
T � ST � λ

³T
0

pX2
u�dMu, where pX is the

hedge in the Black-Scholes model without illiquidtiy, the claim depends on pStq0¤t¤T
and pMtq0¤t¤T . To get rid of this path dependency, Roch [3] de�nes a process

Lt � 2λ

» t
0

pX2
u�dMu.

Then H is a function of the quoted stock price ST and LT . The resulting PDE has 3
dimensions and is therefore more complicated than equation (6.5), where H � F pT, ST q.

To obtain the numerical replication costs of a claim H � F pT, ST q we use two di�erent
numerical methods. We �rst solve the corresponding PDE (6.5) in a �nite di�erence
scheme. In addition, we solve the BSDE (6.4) in a binomial tree. From now on we
assume that the solution is correct if the results of these two methods match each other.
In that case we denote the numerical replication costs by πN0 pHq. See Appendix B for
further information on the numerical methods.

Let us have a look at the replication costs πN0 pHq of a European put option
H � pK � ST q�. Remember that the price of this option in classical theory is
given by the Black-Scholes formula

PBS0 � KΦp�dBS � σ
?
T q � S0Φp�dBSq

where

dBS � logpS0
K � 1

2σ
2T q

σ
?
T

.
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6. Calculation of the minimal replication value

We de�ne K � 100 and T � 0.5 and choose the following model parameters: λ � 1,
σ � 0.3 and c � 0.5. The �nite di�erence method calculates the prices of options for
S0 P r0, U s, for an upper bound U � 200. Figure 6.5 compares the price of the put
option in the BS model without illiquidity (red) and the (numerical) replication value
in the model with liquidity risk (blue). A close-up (Figure 6.6) for initial values around

Figure 6.5.: Replication value: European put option

the strike price K shows that the numerical replication value in the model with liquidity
risk is bigger than the Black-Scholes price. This is due to the positive liquidity costs

LT pXnq Ñ λc

» T
0
X2
u�du

where pXn, Y nq is the smooth approximating replication strategy and Xu � Z1,u

σSu
, where

pZ, V q is the solution of the BSDE (6.4). See Proposition 3.15.

We are interested in the average price per share if x shares are purchased. We
therefore consider the value

Hpxq � 1

x
πN0 pxpK � ST q�q

where x is the order size. Figure 6.7 represents Hpxq with initial underlying value
S0 � 105 dependent on the size of the transaction x. Recall that the supply curve of the
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6. Calculation of the minimal replication value

Figure 6.6.: Replication value: S0 � K

Figure 6.7.: The supply curve of the put option
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6. Calculation of the minimal replication value

stock price is linear with a positive slope. Figure 6.7 suggests that similar to the stock
price the average price per share of the claim H is an increasing linear function in the
order size. Since H � hpST q is bounded and h Lipschitz continuous, we get the slope of
the supply curve in x � 0 by (4.31). We then use the approximation

Hpxq � Hp0q �H
1p0q � x,

where

H
1p0q � λE

�» T
0

Θup pZ1,uq2du
�
� λE

�» T
0
cp pXuq2du

�
.

The ∆-Hedge pX in the classical theory is

pX � Φ

�
logpStK q � 1

2σ
2pT � tq

σ
?
T � t

�
� 1.

A Monte-Carlo simulation yields
H

1 � 0.0658

and Hp0q � 6.385. Hence by (4.29)

Hpxq � 6.385� 0.0658x. (6.6)

Figure 6.8 compares this approximation (red) of the price per share with the supply curve
Hpxq of Figure 6.7. We notice that the impact of liquidity is more than linear. For big
values x the replication value is signi�cantly higher than the linear approximation. This
is expected since LpxXq � x2LpXq for x P R. Nevertheless, if the number of purchased
claims is small, (6.6) serves as a good approximation of the exact (numerical) results.
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6. Calculation of the minimal replication value

Figure 6.8.: The approximation of the supply curve
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A. Smoothing of stochastic integrals

De�nition A.1. Let X be a semimartingale. X is called a special semimartingale if

it has a decomposition

X � N �A

where N , N0 � X0, is a local martingale and A, A0 � 0, a predictable process which

has �nite variation.

Remark. It can be shown that a semimartingale X is special if and only if X is locally
integrable. Furthermore, note that in case X is continuous, the processes A and N are
continuous.

De�nition A.2. The H2
T norm of a special semimartingale X, with canonical decom-

position X � N �A, is

}X}H2
T
� E

�» T
0
drN,N s

�
� E

��» T
0

��dA��
2
�
.

The space of all special semimartingales with �nite H2
T norm is denoted by H2p0, T q.

For X P H2p0, T q with canonical decomposition X � N � A and H and J predictable

processes we de�ne a metric

dXpH,Jq � }pH � Jq �X}H2
T
� E

�» T
0
pHu � Juq2drN,N su

�
�E

��» T
0
|Hu � Ju|

��dA��
u


2
�
.

Lemma A.3. Let X be a semimartingale in H2
T . Then

E
�
p sup
0¤t¤T

| Xt |q2
�
¤ 8 }X}2H2

T
.

Proof. See Theorem 5 of Chapter IV in Protter [16].
�
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A. Smoothing of stochastic integrals

Theorem A.4. Let X P H2 be continuous with decomposition X � N�A and k P t1, 2u.
Z is a predictable caglad process which is integrable with respect to X and

��Zk �X��
H2
T
 

8. Then Z is the a.s. limit of the sequence pZnqn¥1, with

Znt � n

» t
pt� 1

n
q_0

Z
n
udu (A.1)

and Z
n
u � maxpminpZu, nq,�nq. For every n the process Zn is bounded, continuous and

of �nite variation. Furthermore,» T
0
pZnu qkdXu

L2ÝÑ
» T

0
pZuqkdXu, pnÑ8q.

Proof. By de�nition of Zn and because Z is caglad Zn Ñ Z almost surely for n Ñ 8.
Zn can be represented as the di�erence of two increasing, continuous processes

Zn � n

» t
0
| Znu | du� n

» t� 1
n

0
| Znu | �Znudu

�
�
n

» t� 1
n

0
| Znu | du� n

» t
0
| Znu | �Znudu

�
.

Consequently, Zn is bounded, continuous and of �nite variation. The process X is
continuous and so are the processesN and A. Since

��Zk �X��
H2
T
  8 and Zn is bounded,

we get
³T
0 ppZnu qk � pZuqkq2drN,N su   8. Lebesgue's dominated convergence theorem

yields » T
0
pZnu � Zuq2drN,N su ucpÝÑ 0.

Moreover for every n,

E
�» T

0
pZnu � Zuq2drN,N su

�
¤ 2n2kTE

�rN,N sT �� 2E
�» T

0
Z2k
u drN,N su

�
  8.

By the dominated convergence theorem

E
�» T

0
ppZnu qk � pZuqkq2drN,N su

�
Ñ 0.

Analogously we show that

E

��» T
0

���pZnu qk � pZuqk
��� ��dA��u
2

�
Ñ 0.

The convergence in L2 results from Lemma A.3. �
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A. Smoothing of stochastic integrals

The next theorem is similar to Theorem A.4 in [22]. While Cetin, Jarrow and Protter
construct processes (trading strategies) with ZnT � 0, we construct processes where ZnT
is equal to a bounded random variable W.

Theorem A.5. Let X P H2 be continuous with decomposition X � N �A. The process
Z is caglad, bounded and integrable with respect to X. In addition let W : Ω Ñ R be a

FT -measureable bounded random variable and k P t1, 2u. For every m ¥ 1 we consider

the process Zm � pZmt q0¤t¤T with

Zmt � Lt1r0,Tms �
�
ErW | Fts � pLTm � ErW | Ftsq T � t

T � Tm



1pTm,T s

and Tm � T � 1
m . Then Z

m Ñ Z almost surely for mÑ8 and» T
0
pZmu qkdX L2ÝÑ

» T
0
ZkudX, pnÑ8q.

Proof. Consider

pZmt qk � Zkt 1r0,Tmsloooomoooon
p1q

�
�
ErW | Fts � pZTm � ErW | Ftsq T � t

T � Tm


k
1pTm,T sloooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

p2q

. (A.2)

We �rst show that (1) converges to Zk in H2
T . Since Z is bounded» T

0
pZku � Zku1r0,Tmsq2d

�
N,N

�
u
¤

» T
0
Z2k
u d

�
N,N

�
u
  8, a.s..

Since Zm Ñ Z almost surely by de�nition, the Lebesgue's dominated convergence the-
orem yields » T

0
pZku � Zku1r0,Tmsq2d

@
N,N

D
u
Ñ 0, a.s..

Because X P H2 we get EQ
�³T

0 pZku � Zku1r0,Tmsq2d
�
N,N

�
u

�
  8. Hence by the domi-

nated convergence theorem

EQ
�» T

0
pZku � Zku1r0,Tmsq2d

�
N,N

�
u

�
Ñ 0.

Similarly we get that

EQ
�» T

0

���Zku � Zku1r0,Tms
��� ��dAu���Ñ 0.
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A. Smoothing of stochastic integrals

Next we show that the part (2) in (A.2) converges to 0 in H2
T . Because Z and W are

bounded » T
0

�
ErW | Fts � pZTm � ErW | Ftsq T � u

T � Tm


2k

1pTm,T sd
�
N,N

�
u

¤
» T

0
K1pTm,T sd

�
N,N

�
u
� K

��
N,N

�
T
� �

N,N
�
Tm

	
Ñ 0,

where K � ��max0¤t¤T p|Zt| � |W |q2k��8. The dominated convergence theorem yields

E

�» T
0

�
ErW | Fts � pZTm � ErW | Ftsq T � u

T � Tm


2k

1pTm,T sd
�
N,N

�
u

�
Ñ 0.

We use a similar argument to show that

E

�» T
0

����ErW | Fts � pZTm � ErW | Ftsq T � u

T � Tm

����k 1pTm,T s | dAu |
�
Ñ 0.

�

Theorem A.6. The process X P H2 is continuous with decomposition X � N �A and

Z, with }Z �X}H2
T
  8, is caglad and integrable with respect to X. Then there exists

a sequence of continuous processes pZjqj¥1, where Z
j � pZjt q0¤t¤T is bounded, of �nite

variation with Zj0 � ZjT � 0, such that Zj Ñ Z almost surely and» T
0
ZjdX

L2Ñ
» T

0
ZdX, pj Ñ8q.

Proof. By Theorem A.4 with k � 1 there exists a sequence pZnqn¥1 of bounded, contin-
uous processes of �nite variation with Zn0 � 0. By Theorem A.5 with W � 0 and k � 1,
we create a sequence pZn,mqm¥1 with Zm,n � Zn on r0, T � 1

m s and Zm,n � nZnpT � tq
linear on rT � 1

m , T s. Hence, for every n the process Zn,m is bounded, continuous and
of �nite variation with Zn,m0 � Zn,mT � 0. Furthermore,» T

0
Zn,mdX

L2ÝÑ
» T

0
ZdX pn,mÑ8q.

�
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B. Approximation of the replications costs

To calculate the minimal replication costs of contingent claims in the liquidity risk models
used in Chapter 6 we have to solve the corresponding BSDE. In this chapter we introduce
two di�erent methods how the liquidity costs can be approximated in case no closed form
solution is known.

B.1. Time discrete approximation in a binomial tree

For a random variable H, let us consider the following BSDE

Vt � H �
» T
t
fps, Ss, Zsqds�

» T
t
ZsdWs (B.1)

where W is a Brownian motion and fpt, ω, zq

f : r0, T s � Ω� R ÝÑ R

the driver of the BSDE. For simplicity we supress the dependence on ω P Ω. The driver
satis�es

fpt, , Ztq �
#
λc
σ2Z

2
t in the Bachelier model,

λc
σ2

Z2
t

S2
t

in the Black-Scholes model.

Instead of solving this BSDE we transform the equation to a backward stochastic
di�erence equation (BS∆E) and �nd a solution of a discrete time approximation of this
stochastic di�erential equation.

For every N let us consider a partition of the time intervall r0, T s tending to iden-
tity, such that 0 � tN0   ...   tNiN � T and

tNi � i � T
N
.

We approximate the Brownian motion by a Bernoulli random walk

WN
tNi
�

c
T

N

i̧

j�1

XN
j
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B. Approximation of the replications costs

for i.i.d random variables XN
j on a probability space prΩ, rF , rQq with distribution rQrXN

j �
1s � rQrXN

j � �1s � 1
2 . Let us extend W

N
tNi

to the time continuous process WN
t which

is constant on the intervals rtNi , tNi�1q. Furthermore, we denote by FN
t the augmented

�ltration of the process WN
t . The approximating BS∆E is driven by the function

fN : r0, T s � Ω� R ÝÑ R

such that for t P ptNi , tNi�1s
fN pt, Ztq � fptNi , ZNti q.

Instead of a solution pZ, V q to the BSDE (B.1) we are looking for a pair of processes
pZNt , V N

t q, with V N
t constant on the intervals rtNi , tNi�1q and ZNt constant on ptNi , tNi�1s,

such that,

V N
t � HN �

» T
t
fps, Ss, ZsqdrWN ,WN ss �

» T
t
ZNs dW

N
s .

See Cheridito and M. Stadje [15]. Since ∆rWN ,WN stNi � E
�
p∆WN

tNi
q2
�
� T

N , this is

equivalent to

V N
tNi
� V N

tNi�1
� fptNi , ZNti q

T

N
� ZN

tNi

�
∆WN

tNi�1

	
(B.2)

V N
T � HN (B.3)

where
�

∆WN
tNi�1

	
�WN

tNi�1
�WN

tNi
and HN � hpWN

T q. Let us take the conditional expec-
tation ErV N

tNi
| FN

tNi
s,

V N
tNi
� E

�
V N
tNi�1

���FN
tNi

�
� fptNi , ZNti q

�
tNi�1 � tNi

�
(B.4)

When multiplying equation (B.2) with p∆WN
tNi�1

q on both sides, the conditional expecta-

tion yields

ZN
tNi
� N

T
E
�
V N
tNi�1

p∆WN
tNi�1

q
���FN
tNi

�
. (B.5)

Note that the information FN
tNi

is equal to knowing the process WN
tNi

at time TNi . There-

fore
V N
tNi

���
FN
tN
i

� V N
tNi

���
NN

tN
i

where NN
tNi
� #

!
j ¤ i

���XN
j � 1

)
. From now on we use the following notation,

V N
tNi
pkq � V N

tNi

���
NN

tN
i

�k
,

ZN
tNi
pkq � ZN

tNi

���
NN

tN
i

�k
.
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B. Approximation of the replications costs

By equation (B.4) and (B.5) we obtain a discrete time approximation, which can be
solved going backward in time. At time T,

VT � HN (B.6)

and

ZN
tNi
pkq � 1

2

c
N

T

�
V N
tNi�1

pk � 1q � V N
tNi�1

pkq
	

(B.7)

V N
tNi
pkq � 1

2

�
V N
tNi�1

pkq � V N
tNi�1

pk � 1q
	
� fptNi , ZNtNi pkqq

T

N
(B.8)

for k � 0, ..., i and tNi � tNpiN�1q, ..., t
N
0 .

The convergence of this method is shown for drivers with subquadratic growth in
Z, see P. Cheridito and M. Stadje [15]. The resulting BSDEs in the liquidity risk model
of A. Roch are of quadratic growth, but calculations for di�erent claims in models used
in Chapter 6 have shown that this method converges to the exact solution.

See Cheridito and M. Stadje [15] for further information on BS∆Es and Ma, Protter,
San Martin, Torres [8], such as Bouchard, Touzi [4] for information on the discrete time
approximation of BSDEs.

B.2. The numerical solution of the PDE

In Chapter 6 we transform the BSDE to a partial di�erential equation. In this sec-
tion we use a �nite di�erence scheme to solve this PDE. For di�erent claims in the
Black-Scholes and Bachelier model, the numerical solutions obtained with this method
are identical to the values that result from the discrete time approximation (B.6) - (B.8) .

When the una�ected price process is a geometric Brownian motion and the illiquidity
process deterministic (see Section 6.2), we consider the PDE

BF pt, xq
Bt � λc

�BF pt, xq
Bx


2

� σ2

2
x2 BF pt, xq2

Bx2
� 0 (B.9)

for t P r0, T s and x P r1, U s. Depending on the claim H we de�ne boundary conditions.
For instance, a European put option satis�es

F pT, xq � pK � xq�,
F pt, 1q � K � 1,

F pt, Uq � 0,

where U ¡¡ K. The resulting PDE is quadratic in the �rst derivative with respect to
x. We show how this equation can be approximated using a �nite di�erence method.
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B. Approximation of the replications costs

The factor x2 in the Black-Scholes PDE, causes oscillations when we try to solve
the PDE directly. Instead of solving the PDE (B.9) we apply an exponential transfor-
mation

Gpt, zq � F pt, exppzqq ô Gpt, logpxqq � F pt, xq.
Then for z � logpxq

BF pt, xq
Bt � BGpt, zq

Bt ,

BF pt, xq
Bx � BGpt, zq

Bz
1

exp z
,

BF pt, xq2
Bx2

� BGpt, zq2
Bz2

1

exp 2z
� BGpt, zq

Bz
1

exp 2z
.

By (B.9) this leads to

BGpt, zq
Bt � λc expp�2zq

�BGpt, zq
Bz


2

� σ2

2

BGpt, zq
Bz � σ2

2

BGpt, zq2
Bz2

� 0 (B.10)

for t P r0, T s and z P r0, logU s. The boundaries of a European put option are transformed
to

GpT, zq � pK � exppzqq�
Gpt, 0q � K � 1

Gpt, logpUqq � 0.

We use a �nite di�erence method to solve (B.10). For Nz P N� and Nt P N� we use gird

points zi � i∆z with mesh size ∆z � logpUq
Nz

and discrete time points tj � j∆t where

∆t � T
Nt

for i � 0, ..., Nz and j � 0, ..., Nt. Let Gj,i be the numerical approximation of
Gptj , ziq and

BGptj , ziq
Bt �

�BG
Bt



j,i

� Gj�1,i �Gj,i
∆t

BGptj , ziq
Bz �

�BG
Bz



j,i

� Gj,i�1 �Gj,i�1

2∆z

BG2ptj , ziq
Bz2

�
�BG2

Bz2



j,i

� Gj,i�1 � 2Gj,i �Gj,i�1

p∆zq2 .

We use a the �rst order forward di�erence approximation with respect to t and central
di�erence approximation with respect to z, such as the central di�erence approximation
for the second derivative with respect to z. To approximate�BGpt, zq

Bz

2
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B. Approximation of the replications costs

we assume that �BGpt, zq
Bz


2

�
�BGpt, zq

Bz


�
�BGpt�∆t, zq

Bz


.

Then �BG
Bz


2

j,i

�
�BG
Bz



j�1,i

�BG
Bz



j,i

.

Given the numerical solution Gj�1,i for j � 0, ..., Nt we solve the implicit equation�BG
Bt



j,i

� λc expp�2ziq
�BG
Bz


2

j,i

� σ2

2

�BG
Bz



j,i

� σ2

2

�BG2

Bz2



j,i

� 0, (B.11)

or equivalently

Gptj , ziq � Gptj�1, ziq �∆tλc expp�2ziq
�BG
Bz


2

j,i

� ∆tσ2

2

�BG
Bz



j,i

� ∆tσ2

2

�BG2

Bz2



j,i

,

with respect to Gj,i. We therefore use a simple iteration with n steps. For every time
step j and i � 0, ..., Nz consider G

k
j,i (k � 1, ..., n) with G1

j,i � Gj�1,i and

Gk�1
j,i � Gj�1,i �Gkj,i�1

�
� ∆tσ2

p∆zq2



�Gkj,i�1

�
∆tσ2

2p∆zq2 �
∆tσ2

4∆z
� ∆tλc expp�2ziq

4p∆zq2 pGj�1,i�1 �Gj�1,i�1q



�Gkj,i�1

�
∆tσ2

2p∆zq2 �
∆tσ2

4∆z
� ∆tλc expp�2ziq

4p∆zq2 pGj�1,i�1 �Gj�1,i�1q


.

At maturity the numerical solution is given due to the boundary condition, e.g. for a
European put option GNt,i � pK � exppziqq�. By solving (B.11) we step backward in
time and this way obtain a numerical solution G0,i at time 0. Then,

F p0, exppziqq � G0,i.

For a small time grid ( ∆t � 1
200) the numerical results show that this method converges

to the same values as the discrete time approximation of Section B.1.
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